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Abstract This work presents a simple method to determine the significant partial wave contributions
to experimentally determined observables in pseudoscalar meson photoproduction. First, fits to angular
distributions are presented and the maximum orbital angular momentum Lmax needed to achieve a good
fit is determined. Then, recent polarization measurements for γp → pi0p from ELSA, GRAAL, JLab and
MAMI are investigated according to the proposed method. This method allows us to project high-spin
partial wave contributions to any observable as long as the measurement has the necessary statistical
accuracy.
We show, that high precision and large angular coverage in the polarization data are needed in order to be
sensitive to high-spin resonance-states and thereby also for the finding of small resonance contributions.
This task can be achieved via interference of these resonances with the well-known states. For the channel
γp→ pi0p, those are the N(1680) 5
2
+
and ∆(1950) 7
2
+
, contributing to the F -waves.
1 Introduction
The study of the nucleon excitation spectrum provides an
ideal testing ground for the investigation of the theory
describing the strong interactions, QCD. In the region of
strong coupling, i.e. for low momentum transfers, QCD
cannot be solved by elementary methods of quantum field
theory [1]. The binding of quarks into protons and neu-
trons is a non-perturbative phenomenon. In order to derive
predictions for the ground and excited states of nucleons
(the N∗ spectrum) that are closely linked to QCD several
approaches have been developed.
One of the first methods consists of phenomenological
quark models (cf. [2] and [3]), solving a bound state equa-
tion for a system consisting of three constituent quarks
and modeling the strong interactions by a suitable approx-
imation of full QCD. Strong QCD can also be attacked in
the numerical ab initio approach of Lattice QCD and there
have been first attempts in the direction of predicting the
N∗ spectrum [4].
Once these predictions for the N∗ spectrum are compared
to resonances extracted from experimental scattering data,
the phenomenon known as the so-called missing resonances
becomes present [5]. In the high mass region above 1800
MeV, many more states have been predicted than mea-
sured until now.
A lot of the available information on resonant nucleon
states has been extracted from data of the pion nucleon
(piN) elastic scattering process. A persisting hope is that
the investigation of alternative processes may yield signals
of N∗ states that couple only weakly to the piN process.
A particular example for such a process is the photopro-
duction of a single pseudoscalar meson,
γN −→ PB, (1)
which is at the center of attention in this work. Here,
N = (p, n) denotes the nucleon, P is a pseudoscalar me-
son (e.g. pi0, pi+, pi−, η, η′, K+, K−, . . .) and the re-
coil baryon B can be either a nucleon N or a hyperon
(Λ,Σ). The photoproduction process allows for the ex-
traction of 16 non-redundant polarization observables at
each point in phase space, i.e. center of mass energy and
scattering angle (W, θ) (cf. Table 1 and [6]). In addition to
the unpolarized differential cross section, the observables
group into single-polarization measurements which com-
prise three additional quantities, as well as 12 double-pola-
rization observables that may be extracted by beam-target
(BT), beam-recoil (BR) and target-recoil (TR) measure-
ments.
The most recent experimental activities center around the
facilities ELSA at Bonn [7,9,11,12,14]), MAMI at Mainz
[16,17,18,19] and JLab at Newport News [22]. With the
modern technical developments like polarized beams and
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Beam Target Recoil Target + Recoil
- - - - x′ y′ z′ x′ x′ z′ z′
- x y z - - - x z x z
unpolarized σ0 T P Tx′ Lx′ Tz′ Lz′
linear Σ H P G Ox′ T Oz′
circular F E Cx′ Cz′
Table 1. The 16 single- and double-polarization observables accessible in pseudoscalar meson photoproduction. Unprimed
coordinates refer to CMS coordinates with the zˆ-axis chosen along the incident beam direction and yˆ-axis perpendicular to
the reaction plane. Primed coordinates are rotated from the unprimed ones in such a way that the zˆ′-axis points along the
momentum of the pseudoscalar meson in the final state.
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Figure 1. Left: Shown here is the Legendre coefficient
(
aΣˇ4
)
7
(black dots), extracted from a Legendre fit to the recently published
beam asymmetry data of the CLAS-collaboration [22]. The dashed line represents the same coefficient as evaluated from the
Bonn-Gatchina partial wave analysis solution BnGa2014-02, using multipoles contributing up to the H-waves (E5±.M5±). The
solid line originates from a more recent fit by the Bonn-Gatchina group, where a new state in the G-waves, the ∆(2200) 7
2
−
, was
required in order to describe the data [35].
Right: The partial wave content for the Legendre coefficient
(
aΣˇ4
)
7
is shown up to H- waves. Only D-waves, F -waves, G-waves
and H- waves are contributing. It is indicated by the colored boxes that only certain interferences of the multipoles can occur
in
(
aΣˇ4
)
7
. Explicitly, only 〈D,H〉-, 〈F,G〉- and 〈G,H〉- interferences are allowed.
targets, the single spin polarization observables as well as
BT observables have come into the experimental reach of
investigation. Using the self-analyzing power of hyperons,
for example in KΛ photoproduction [6], or, alternatively,
the recently developed recoil polarimetry [20], the remain-
ing 8 double-polarization observables of BR and TR have
become in principle available as well. It has to be men-
tioned however, that especially for the latter method ac-
ceptable statistics is very hard to obtain.
The new experimental information on single- and double-
polarization observables is used to constrain the existing
partial wave analyses (PWAs). Such approaches are for
example the Bonn Gatchina PWA [25], the SAID [26] and
MAID [27] PWAs, the Ju¨lich-Bonn dynamical coupled-
channels model [28], the approach of the ANL/Osaka group
[29] or the Giessen analysis [30]. Analyses of this kind gen-
erally try to fit data on multiple reactions in an intricate
unitary analysis scheme, which then yields resonance pa-
rameters directly in terms of positions and residues of the
resonance poles in the scattering matrix. They are gener-
ally classified as energy-dependent (ED) fits.
However, once only a single photoproduction channel is
under consideration there exists also the possibility of
directly fitting the truncated partial wave expansion of
the full production amplitudes to the data [6], [31], [32]),
thereby doing a Truncated Partial Wave Analysis (TPWA).
This analysis scheme proceeds independently in each en-
ergy bin and therefore this method is also denoted as an
energy-independent (EI) fit. Once partial wave amplitudes
would be extracted uniquely including the phase, there are
new methods proposed [36]) to determine the parameters
of resonance poles from these single energy partial waves.
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A set of measured observables that facilitates the unique
extraction of partial wave amplitudes up to an overall
phase is called a complete experiment [6].
This work is concerned neither with the above mentioned
ED methods nor a full TPWA fit. Instead, a simple method
is presented here which determines the dominant partial
waves contributing to measured single- and double-polari-
zation observables. As an example we focus on the reaction
γp→ pi0p. The approach consists of fitting polynomials to
angular distributions of observables and investigating the
fit quality via the χ2/ndf. The order and form of the poly-
nomial is dictated by the truncation angular momentum
Lmax and the TPWA formulas. The parameter Lmax then
has to be increased until χ2/ndf is close to unity. These
simple angular distribution fits to each single- and double-
polarization observable will provide the information which
Lmax is needed to describe the measured observable within
the statical accuracy.
It has to be stressed here that in order to perform a unique
partial wave analysis, the fitted observables not only have
to be mathematically complete. Also, the statistical preci-
sion of the fitted data has to be good enough for them to
be sensitive to high ` contributions. The method proposed
in this work provides a quick means to check the precision
and sensitivity of the data. Generally an observable can
only give meaningful information on a resonant state of
a certain ` if the precision of the measurement is good
enough.
The method proposed in this paper allows to project out
high spin partial wave contributions from any measured
observable as long as the measurement has the neces-
sary statistical accuracy. The strength of the method can
be made explicit, once these fit coefficient are compared
to different PWA solutions. Figure 1 shows for example
the Legendre-coefficient
(
aΣˇ4
)
7
extracted from the beam
asymmetry Σ from CLAS [22].
Several interesting facts can be said about the composition
of this coefficient in terms of partial waves. The quantity(
aΣˇ4
)
7
is generally a bilinear hermitean form in the mul-
tipoles, which is illustrated in Figure 1 as well. In case the
only significant contribution to the coefficient would origi-
nate from S, P , D and F waves (` = 0, 1, 2, and 3) and all
higher partial waves would vanish, this coefficient would
be exactly zero. The first none-zero contribution comes
from an interference of F - with G- waves (`=4) and D-
with H-waves (`=5).
The F -wave multipoles E3± and M3± in the ppi0-channel
are dominating the mass region of 1600 - 2200 MeV be-
cause of the two four-star resonances N(1680) 52
+
(F15(1680)) and ∆(1950)
7
2
+
(F37(1950)). All PWA ap-
proaches like Bonn-Gatchina, MAID, Ju¨lich-Bonn or SAID
show a very similar size of the magnitude and the energy
dependence for the four F - multipoles [37] (see Figure 2).
Therefore, the major part of possible differences in PWA-
or model-descriptions of the coefficient
(
aΣˇ4
)
7
has to come
from different G- and H-wave contributions.
Figure 1 also shows the solution of BnGa2014-02 (dotted
line) and a most recent BnGa solution (solid line), the
same as mentioned above, which includes an additional
new state ∆(2200) 72
−
[35]. This state has the same quan-
tum numbers as the E4− and M4− multipoles. The solid
line describes the
(
aΣˇ4
)
7
coefficient significantly better
and supports the finding of a new resonance in the G-wave
(E4− and M4− multipoles). This is, as mentioned above,
only possible because of the interference of the G-waves
with the already well determined F -wave multipoles.
We proceed by first introducing all the necessary formal-
ism. Then, recent measured polarization observables Σ,
T , P , H, E, F and G in pi0-photoproduction are analyzed
along with the unpolarized cross section σ0 in regard of
their dominant partial wave contributions. An appendix
contains rather elaborate formulas and pictures that sup-
port the interpretation.
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Figure 2. Left: The real- and imaginary part of the M3−-
multipole for the pi0p channel, coming from recent energy-
dependent fits, are shown [37]. Compared are results from
BnGa (black solid line), SAID (red dash-dotted line) and Ju¨Bo
(blue dashed line). Right: The same for the M3+-multipole.
Both multipoles contain contributions from two dominant F -
wave resonances. The N(1680) 5
2
+
(F15(1680)) couples to M3−,
while the ∆(1950) 7
2
+
(F37(1950)) couples to M3+.
2 Basic formalism for the deduction of
dominant partial wave contributions
The reaction amplitude for the photoproduction of pseu-
doscalar mesons is known to be decomposable in the center
of mass system (CMS) [38]) as follows
FCGLN = i (σ · ˆ)F1 + (σ · qˆ)
[
σ ·
(
kˆ × ˆ
) ]
F2
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+ i
(
σ · kˆ
)
(qˆ · ˆ)F3 + i (σ · qˆ) (qˆ · ˆ)F4, (2)
where kˆ and qˆ denote CMS momenta, σ is the Pauli spin
operator and the complex CGLN amplitudes Fi (W, θ),
once determined, completely specify the full amplitude.
The expansions of CGLN amplitudes into multipoles are
also well known [38], [6]). For the sake of completeness,
we list them again in eqs (3) to (6) (with x = cos θ).
For certain photoproduction channels, for example for the
pi0p or ηp final states, it is a valid assumption to truncate
the infinite multipole expansion at a finite angular mo-
mentum quantum number Lmax, which close to the thresh-
old should yield already a good approximation for the Fi.
Resonances in the s-channel would then yield contribu-
tions to the finite number of energy-dependent complex
multipoles according to the respective quantum numbers.
The polarization observables represent asymmetries among
differential cross sections for measurements corresponding
to different polarization states. Table 1 summarizes their
definitions in terms of beam-, target- and recoil-polariza-
tion measurements. An illustration of the coordinates used
to describe the photoproduction process is given in Figure
3, where laboratory coordinates are shown.
It is important to note that generally recoil polarization
observables are specified with respect to the primed coor-
dinates (x′, y′, z′), i.e. the rest frame of the recoil baryon.
Polarization observables can generally be specified in ei-
ther LAB or CMS coordinates. For partial wave fitting,
the CMS frame is preferred. Since the amplitude (2) fac-
tors into the matrix element of polarized cross sections,
it is possible to derive equations relating the 16 polariza-
tion observables of pseudoscalar meson photoproduction
to CGLN amplitudes. A consistent set of relations, cor-
responding up to signs to the formulas given in reference
[6], is collected in Table 2.
F1 (W, θ) =
∞∑
`=0
{
[`M`+ (W ) + E`+ (W )]P
′
`+1 (x)
+ [(`+ 1)M`− (W ) + E`− (W )]P
′
`−1 (x)
}
, (3)
F2 (W, θ) =
∞∑
`=1
[(`+ 1)M`+ (W ) + `M`− (W )]
× P ′` (x) , (4)
F3 (W, θ) =
∞∑
`=1
{
[E`+ (W )−M`+ (W )]P ′′`+1 (x)
+ [E`− (W ) +M`− (W )]P
′′
`−1 (x)
}
, (5)
F4 (W, θ) =
∞∑
`=2
[M`+ (W )− E`+ (W )
−M`− (W )− E`− (W )]P ′′` (x) . (6)
A comparison of the sign conventions present in the lit-
erature can be found in [42]. The rather involved formulas
in Table 2 can all be arranged in the shape of bilinear
equations
Ωˇα (W, θ) =
ρ
2
4∑
i,j=1
F ∗i (W, θ) Aˆ
α
ij (θ)Fj (W, θ) , (7)
α = 1, . . . , 16,
where ρ = qk is the phase space factor and the matri-
ces Aˆα have to be hermitean in order for Ωˇα to be real.
The quantities Ωˇα are denoted as the profile functions
and the dimensionless polarization observables Ωα can be
obtained via dividing by the unpolarized differential cross
section Ωα = Ωˇ
α
σ0
. The notation with the index α labelling
the observables originates from the paper by Chiang and
Tabakin [40], where the latter are written in the helicity
basis using 16 hermitean unitary 4× 4 Γ matrices. In this
way, the TPWA can be brought into closed form for all 16
observables as follows.
Once the multipole series (3) to (6) are truncated at a
finite Lmax, the maximal power of the resulting expansion
in cos θ can be read off the Legendre polynomials appear-
ing in the expansion. For F1 it is Lmax, F2 has highest
power (Lmax− 1) as well as F3 and for F4 it is (Lmax− 2).
By investigating the definitions of the profile functions in
Table 2, it is possible to infer the maximal power each
observable has once the truncated partial wave expansion
of the Fi is inserted.
This facilitates the expression of the 16 profile functions
in a TPWA as finite expansions in cos θ. However, for
practical fits it is advantageous to change the angular
parametrization and expand the profile functions into as-
sociated Legendre Polynomials Pm` (cos θ) (cf. [43]). We
have to state explicitly that we are using a definition of
the associated Legendre polynomials without the Condon-
Shortley phase, i.e. Pm` (x) =
(
1− x2)m2 dmdxmP` (x). In
this form, the truncated partial wave expansion takes the
shape
Ωˇα (W, θ) = ρ
2Lmax+βα+γα∑
k=βα
(aLmax)
Ωˇα
k (W )P
βα
k (cos θ) ,
(8)
(aLmax)
Ωˇα
k (W ) = 〈MLmax (W )| CΩˇ
α
k |MLmax (W )〉 . (9)
Here, the energy-dependent real expansion coefficients
(aLmax)
α
k are bilinear hermitean forms of the multipoles,
defined via hermitean matrices CΩˇαk , whose dimension is
given by the number of multipoles in the respective trun-
cation. For Lmax there are 4Lmax multipoles and the CΩˇαk
are (4Lmax)×(4Lmax) matrices. The parameters βα and γα
that define the angular expansions are collected in Table
3. This notation is chosen in accord with reference [33].
Listings of particular Legendre coefficient matrices CΩˇαk
as well as an explanation of our notation for them can be
found in section 4 and Appendix A.
The angular parametrizations defined by an expansion
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into powers of cos θ or associated Legendre polynomials
are equally valid. This is true since the monomials cosn (θ)
as well as the associated Legendre polynomials normalized
to sin (θ), i.e. 1
(sin θ)βα
P βαk (cos θ), are fully equivalent ba-
sis systems for the expansion of finite polynomials. The
associated Legendre polynomials have the advantage of
including the observable dependent sin θ factors and are
furthermore orthogonal on the full angular interval. This
lowers the correlations among different angular fit param-
eters in practical analyses. For this reason, we choose to
work with equation (8) in the following.
The approach for deducing the dominant partial wave con-
tributions to polarization measurements consists of fitting
finite expansions given by equation (8) to angular distribu-
tions of measured polarization observables in fixed energy
bins. These fits minimize a standard error weighted χ2
which in the minimum then yields the parameter χ2/ndf.
The procedure starts usually at Lmax = 1. In case χ
2/ndf
is significantly larger than 1, the truncation order Lmax
has to be raised upon which again angular fits are per-
formed. The assumption is that the order at which this
procedure terminates gives a direct indication of the dom-
inating partial wave contributions present in the measured
observable at hand (cf. [31]). For all orders Lmax used in
the procedure, the resulting χ2/ndf can be plotted versus
energy, resulting in figures that allow an investigation of
the energy dependence of certain partial wave contribu-
tions.
Since the fit minimizes an error weighted functional, the
order Lmax for which χ
2/ndf approaches 1 also depends
significantly on the precision and statistics of the mea-
surement. Therefore one should distinguish at this point
among partial wave contributions that are contained in the
data theoretically and those that can be inferred directly
from a measurement by this simple method. The partial
wave series itself is an infinite series and the truncation of
(3) to (6) already represents a source of error. In theory
all partial waves contribute to the full amplitude at all
energies. However, some partial waves may be so highly
suppressed that a TPWA is a valid approximation. The
error of the measurement then sets a limit on the order of
contributing partial waves that can be seen in experiment,
which is generally only a small subset of the infinity that
is there theoretically. From a partial wave point of view
this issue demands the increase of measurement precision.
The χ2 criterion proposed here is no substitute for a full
partial wave analysis, neither in an energy-dependent nor
an energy independent fit. However it can serve as a means
to obtain a quick first interpretation of measured polariza-
tion data. In addition, for the energy independent TPWA,
which consists of the (numerical) solution of the equation
system generated by equation (9), the criterion can serve
as a first guide towards the selection of multipoles to be
varied in this numerical procedure. As mentioned above,
the truncation already represents a potential source of er-
ror. According to reference [34], the effects of the trunca-
tion only show up in the highest partial waves varied in a
TPWA. Therefore one could propose as a rule of thumb to
vary one order above the Lmax that the χ
2 criterion yields.
Figure 3. The coordinates specified in the LAB frame ([39]).
One could also try to vary the multipoles up to this latter
Lmax and study the differences to the (Lmax + 1) case. In
addition, it has to be mentioned that the TPWA generally
demands the complication of including the higher multi-
poles which are not varied as fixed parameters (cf. [6]).
These can be taken either from a model or some known
physical background amplitude.
Since this work treats measurements of observables with
beam and/or target polarization (Type S and BT), we
close this section by specifying equation (8) to formulas
that are valid for Lmax ≥ 1 in this particular case
σ0 (W, θ) = ρ
2Lmax∑
k=0
(aLmax)
σ0
k (W )Pk (cos θ) , (10)
Σˇ (W, θ) = ρ
2Lmax∑
k=2
(aLmax)
Σˇ
k (W )P
2
k (cos θ) , (11)
Tˇ (W, θ) = ρ
2Lmax∑
k=1
(aLmax)
Tˇ
k (W )P
1
k (cos θ) , (12)
Pˇ (W, θ) = ρ
2Lmax∑
k=1
(aLmax)
Pˇ
k (W )P
1
k (cos θ) , (13)
Eˇ (W, θ) = ρ
2Lmax∑
k=0
(aLmax)
Eˇ
k (W )Pk (cos θ) , (14)
Gˇ (W, θ) = ρ
2Lmax∑
k=2
(aLmax)
Gˇ
k (W )P
2
k (cos θ) , (15)
Hˇ (W, θ) = ρ
2Lmax∑
k=1
(aLmax)
Hˇ
k (W )P
1
k (cos θ) , (16)
Fˇ (W, θ) = ρ
2Lmax∑
k=1
(aLmax)
Fˇ
k (W )P
1
k (cos θ) , (17)
where Pk (cos θ) = P
0
k (cos θ).
3 Application to recent polarization
measurements
The measurements used for the TPWA fits were mostly
obtained by the CBELSA/TAPS experiment. There is data
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Observable α CGLN-representation Type
σ0 1 ρ Re
[|F1|2 + |F2|2 − 2 cos(θ)F ∗1 F2 + 12 sin2(θ){|F3|2 + |F4|2 + 2F ∗1 F4 + 2F ∗2 F3 + 2 cos(θ)F ∗3 F4}]
Σˇ 4 −ρ sin2(θ)
2
Re
[|F3|2 + |F4|2 + 2 {F ∗1 F4 + F ∗2 F3 + cos(θ)F ∗3 F4}] S
Tˇ 10 ρ sin(θ) Im
[
F ∗1 F3 − F ∗2 F4 + cos(θ) {F ∗1 F4 − F ∗2 F3} − sin2(θ)F ∗3 F4
]
Pˇ 12 ρ sin(θ) Im
[
{2F2 + F3 + cos(θ)F4}∗ F1 + F ∗2 {cos(θ)F3 + F4}+ sin2(θ)F ∗3 F4
]
Gˇ 3 −ρ sin2(θ) Im
[
F ∗4 F1 + F
∗
3 F2
]
Hˇ 5 ρ sin(θ) Im
[
{F2 + F3 + cos(θ)F4}∗ F1 − {F1 + F4 + cos(θ)F3}∗ F2
]
BT
Eˇ 9 ρ Re
[|F1|2 + |F2|2 − 2 cos(θ)F ∗1 F2 + sin2(θ) {F ∗4 F1 + F ∗3 F2}]
Fˇ 11 ρ sin(θ) Re
[
{F2 + F3 + cos(θ)F4}∗ F1 − {F1 + F4 + cos(θ)F3}∗ F2
]
Oˇx′ 14 ρ sin(θ) Im
[
F ∗3 F2 − F ∗4 F1 + cos(θ) {F ∗4 F2 − F ∗3 F1}
]
Oˇz′ 7 −ρ sin2(θ) Im
[
F ∗3 F1 + F
∗
4 F2
]
BR
Cˇx′ 16 ρ sin(θ) Re
[
|F2|2 − |F1|2 + F ∗3 F2 − F ∗4 F1 + cos(θ) {F ∗4 F2 − F ∗3 F1}
]
Cˇz′ 2 ρ Re
[
− 2F ∗2 F1 + cos(θ) |F1|2 + cos(θ) |F2|2 − sin2(θ) {F ∗3 F1 + F ∗4 F2}
]
Tˇx′ 6 −ρ sin
2(θ)
2
Re
[
cos(θ)
{|F3|2 + |F4|2}+ 2 {F ∗4 F3 + F ∗3 F1 + F ∗4 F2} ]
Tˇz′ 13 ρ sin(θ) Re
[
sin2(θ)
2
{|F4|2 − |F3|2}+ F ∗4 F1 − F ∗3 F2 + cos(θ) {F ∗3 F1 − F ∗4 F2} ] TR
Lˇx′ 8 ρ sin(θ) Re
[
|F1|2 − |F2|2 + F ∗4 F1 − F ∗3 F2 + cos(θ) {F ∗3 F1 − F ∗4 F2}+ sin
2(θ)
2
{|F4|2 − |F3|2} ]
Lˇz′ 15 ρ Re
[
2F ∗2 F1 − cos(θ)
{|F1|2 + |F2|2}+ sin2(θ){ cos(θ)2 (|F3|2 + |F4|2)+ F ∗3 F1 + F ∗4 F2 + F ∗4 F3}]
Table 2. This table lists the definitions of profile functions Ωˇα in terms of CGLN amplitudes Fi. The sign conventions for
observables used in this work correspond to the Bonn-Gatchina PWA, which again uses Fasano/Tabakin/Saghai conventions
[41]). For a useful comparison of sign conventions for photoproduction, see [42]. The phase space factor is ρ = q/k.
available for the single-polarization observables T and P
[11] and also for the double-polarization observables E [9],
G [7] and H [11]. An overview of the measurements and
their energy ranges can be found in Tab. 4. Since the ob-
servables H and P have been extracted utilizing linearly
polarized photons, the available photon energy range is
limited (compare e.g. [11], [12]).
A very recent measurement [13] of the BT-observable F
by the A2-collaboration was also considered. The refer-
ence [13] also shows new data for the target asymmetry
T . However, since this dataset has a large overlap in en-
ergy with the CBELSA/TAPS data for T and is also in
good agreement, we decided not to include it into the fits
shown in this work.
In a recent publication of the CLAS collaboration on the
beam asymmetry Σ [22], fits using associated Legendre
polynomials were already performed and the resulting fit
coefficients shown. For completeness, we performed the
fits as well and we can confirm their results for the fit co-
efficients (see Fig. 19). For the energy range of 551 MeV
- 1475 MeV the beam asymmetry data of the GRAAL
collaboration was used as well (see Fig. 18).
In order to extract the Lmax, needed to describe the
dimensionless polarization observables, the values for Ωα
have to be multiplied by the unpolarized cross section σ0.
For each energy bin of the different observables, fits were
performed according to equations (11) to (16). The fits
were conducted with Lmax = 1 up to Lmax = 4, since no
indications of resonances of higher order have been found
in the given precision of the experimental data. Some spe-
cific datasets with a very high precision, namely the σ0
and ΣCLAS-data, were also studied with Lmax = 5. To in-
vestigate the quality of the fits, the χ2/ndf of each fit are
plotted against the energy of the incident photon and the
CMS energy. Additionally, fits for selected energy bins and
the resulting fit coefficients are shown for each observable.
The results for the observable Eˇ are given in Fig. 10, for
the spin dependent cross sections σ(1/2) and σ(3/2) deriv-
able from E (see sec. 3.2) in Figures 11 and 12, for Gˇ in
Fig. 14, for Hˇ in Fig. 15, for Pˇ in Fig. 16, for Tˇ in Fig. 17,
for ΣˇGRAAL in Fig. 18 and for ΣˇCLAS in Fig. 19.
3.1 Utilization of the Bonn-Gatchina cross section
As already mentioned, the dimensionless observables Ωα
need to be multiplied by the unpolarized cross section
in order to determine the profile functions Ωˇα. The A2
Wunderlich, Afzal, Thiel, and Beck ...: Dominant partial wave contributions from fits to angular distributions 7
Type Ωˇα α βα γα Na Type Ωˇ
α α βα γα Na
σ0 1 0 0 2Lmax + 1 Oˇx′ 14 1 0 2Lmax + 1
S Σˇ 4 2 −2 2Lmax − 1 BR Oˇz′ 7 2 −1 2Lmax
Tˇ 10 1 −1 2Lmax Cˇx′ 16 1 0 2Lmax + 1
Pˇ 12 1 −1 2Lmax Cˇz′ 2 0 +1 2Lmax + 2
Gˇ 3 2 −2 2Lmax − 1 Tˇx′ 6 2 −1 2Lmax
BT Hˇ 5 1 −1 2Lmax TR Tˇz′ 13 1 0 2Lmax + 1
Eˇ 9 0 0 2Lmax + 1 Lˇx′ 8 1 0 2Lmax + 1
Fˇ 11 1 −1 2Lmax Lˇz′ 15 0 +1 2Lmax + 2
Table 3. The parameters given here define the angular parametrization (8) of the profile functions Ωˇα that arise in a truncated
partial wave analysis. The notation is according to reference [33]. The parameter α labels the observables according to Chiang
and Tabakin [40]. The parameter Na counts the number of Legendre coefficients yielded by an observable in each truncation
order Lmax. It is given by Na = 2Lmax + γα + 1.
Observable Number of Energy Range Reference(s)
Energy Bins Eγ [MeV]
σ0 266 218 - 1573 [19]
Σ 70 551 - 1880 [24,22]
T 24 700 - 1900 [11,12]
P 8 650 - 950 [11,12]
G 19 630 - 1350 [7,8]
E 33 600 - 2300 [9,10]
H 8 650 - 950 [11,12]
F 34 440 - 1430 [13]
Table 4. Recent new data for different observables in pi0 pho-
toproduction from GRAAL, ELSA, JLab and MAMI.
collaboration recently published cross section data with
a very high precision, covering a beam energy
(
ELABγ
)
range of 218 MeV -1573 MeV in 4 MeV steps and the
entire angular range with 30 data points in almost every
energy bin [19]. This data set represents the most precise
measurement of the γp → pi0p cross section to date. In
Fig. 4 a direct comparison of data and two PWAs for pi0
photoproduction is shown. The Bonn-Gatchina solution
BnGa2014-02 [23], which has not used the A2 data for σ0
as input, as well as a new fit from SAID, SAID PR15 [19],
which already fitted the A2 data can be seen. In Fig.6 on
the other hand, our fits to the A2 cross section are shown.
Upon inspection of Fig. 4, it can be seen that some dis-
crepancies between data and PWA descriptions are present.
The SAID solution is closer to the data in most energy bins
and especially in the higher region for W ≥ 1771 MeV, it
is seen to correctly follow the structures of the data at the
angular boundary regions. This however should come as
no surprise since the SAID solution used the new A2 data
as input, whereas Bonn-Gatchina has fitted older datasets
to obtain the solution BnGa2014-02. On the contrary, for
the latter solution the Bonn-Gatchina group has also uti-
lized almost all of the polarization data investigated in
this work (which the SAID fit has not).
Therefore we would like to justify our choice of using the
Bonn-Gatchina PWA cross section for the calculation of
the profile functions Ωˇα. One could of course choose ei-
ther the original A2 data, or the SAID-cross section for
this purpose. But then all discrepancies from Fig. 4 which
would be corrected for σ0 would turn up again in a ripple
effect once the polarization data are investigated.
Furthermore, the uncertainties published with the new A2
data cause inconsistencies once the results of fitted angu-
lar distributions are compared to PWAs (this is said in
anticipation of section 5.1). Also, in the energy regions of
all polarization observables investigated in this work ex-
cept σ0, i.e. the kinematic regime where the differential
cross section is needed to evaluate profile functions, it can
be seen that the Bonn-Gatchina cross section describes
the data of the A2 collaboration rather well (cf. section
5.1, especially the Legendre coefficients plotted in Figures
6 and 7). Below the lowest energy point where a profile
function is needed, ELABγ = 551 MeV (W = 1385 MeV)
from the Σ measurements (Table 4), there are discrep-
ancies in the Legendre coefficient plots of Fig. 6 between
the Bonn-Gatchina prediction and the A2 measurement.
These are however irrelevant for the evaluation of the Ωˇα.
Therefore, at least as long as no new Bonn-Gatchina fit
including the A2 cross section is avaliable, we still prefer
the solution BnGa2014-02 for the evaluation of the profile
functions. The effect of disregarding the σ0 errors in the
error propagations is expected to be negligible.
3.2 Spin-dependent cross section
The double polarization observable E is the difference of
two differential cross sections corresponding to states of
the definite spin-z projections 1/2 and 3/2 in the CMS
(see [9]). By using the unpolarized cross section σ0, it is
possible to extract the spin dependent cross sections σ1/2
and σ3/2 from the observable E following
σ(1/2|3/2) = σ0 · (1± E) with (18)
σ1/2 + σ3/2 = 2σ0. (19)
Since only partial waves with total angular momentum
quantum number equal or larger than 3/2 can contribute
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Figure 4. Comparison of the BnGa2014-02 PWA solution
(blue line) [23] as well as the SAID PR15 solution [19] (green
line) to the differential cross section σ0 data measured by the
A2 collaboration [19] for different energy bins. The new cross
section data were included in the SAID PR15 fit but not in the
BnGa2014-02 fit [23].
to σ3/2, additional information can be extracted by com-
paring the two different spin-z states. Similarly to the
double-polarization observable E, the cross sections σ1/2
and σ3/2 can be written in a CGLN representation:
σ3/2 = ρ sin
2(θ) Re
[1
2
(|F3|2 + |F4|2)+ cos(θ)F ∗3 F4]
(20)
σ1/2 = σ3/2 + 2ρ Re
[ (|F1|2 + |F2|2)− 2 cos(θ)F ∗1 F2
+ sin2(θ)(F ∗2 F3 + F
∗
1 F4)
]
. (21)
For a truncated PWA, the cross sections can be fitted
following equation (8) by
σ3/2 = ρ
2Lmax∑
k=2
(aLmax)
σ3/2
k (W )P
2
k (cos θ) , (22)
σ1/2 = ρ
2Lmax∑
k=0
(aLmax)
σ1/2
k (W )Pk (cos θ) . (23)
The results of the fits to σ3/2 and σ1/2 can be found in Fig.
11 and Fig. 12. Since all resonant and background contri-
butions from partial waves with J = 1/2 are purged from
σ3/2, this observable will be particularly useful for detect-
ing higher partial waves via interferences (cf. Sections 5.2
to 5.4).
4 Legendre coefficients in terms of multipoles
Before commencing with the practical interpretation of fits
to physical data, we would like to use this section in order
to give more specifics on the partial wave contributions
contained in the observables and to describe the compo-
sition of the Legendre coefficients in terms of multipoles.
We give here a detailed description of Eˇ for Lmax = 3
(F -waves), since this order will also be encountered in the
interpretation contained in the following sections. In ap-
pendix A, the contributions to all considered observables
are shown up to Lmax = 5 (H-waves). Truncating at the
F -waves, the angular parametrization (14) of Eˇ reads
Eˇ = ρ
(
(a3)
Eˇ
0 P0(cos θ) + (a3)
Eˇ
1 P1(cos θ)
+ (a3)
Eˇ
2 P2(cos θ) + (a3)
Eˇ
3 P3(cos θ)
+ (a3)
Eˇ
4 P4(cos θ) + (a3)
Eˇ
5 P5(cos θ)
+ (a3)
Eˇ
6 P6(cos θ)
)
. (24)
The coefficient (a3)
Eˇ
0 = 〈M3| CEˇ0 |M3〉 is evaluated as an
example in Table 5.
It is written first as defined by the symmetric matrix
CEˇ0 and then evaluated as an expression in terms of bilin-
ear products of multipoles. Expressions of the latter kind
may be found at other places in the literature (see eg.
[41]).
We also use this example to clarify our convention for sort-
ing the complex multipoles into vectors. Table 5 contains
the example for Lmax = 3, i.e.:
|M3〉 =
(
E0+, E1+,M1+,M1−, E2+, E2−,M2+,M2−,
E3+, E3−,M3+,M3−
)T
. (25)
In order to save space, the partial wave compositions for
all observables investigated in this work are given in a
shorter graphical representation. All Legendre coefficients
are included here for a truncation at the F -waves.
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(a2)
Eˇ
0 =
[
E∗0+ E
∗
1+ M
∗
1+ M
∗
1− . . . E
∗
3+ E
∗
3− M
∗
3+ M
∗
3−
]

1 0 0 0 0 0 0 0 0 0 0 0
0 3 3 0 0 0 0 0 0 0 0 0
0 3 −1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 6 0 12 0 0 0 0 0
0 0 0 0 0 −1 0 −3 0 0 0 0
0 0 0 0 12 0 −3 0 0 0 0 0
0 0 0 0 0 −3 0 3 0 0 0 0
0 0 0 0 0 0 0 0 10 0 30 0
0 0 0 0 0 0 0 0 0 −3 0 −12
0 0 0 0 0 0 0 0 30 0 −6 0
0 0 0 0 0 0 0 0 0 −12 0 6


E0+
E1+
M1+
M1−
E2+
E2−
M2+
M2−
E3+
E3−
M3+
M3−

=
[
E∗0+ E
∗
1+ M
∗
1+ M
∗
1− . . . E
∗
3+ E
∗
3− M
∗
3+ M
∗
3−
]

E0+
3E1+ + 3M1+
3E1+ −M1+
M1−
6E2+ + 12M2+
−E2− − 3M2−
12E2+ − 3M2+
−3E2− + 3M2−
10E3+ + 30M3+
−3E3− − 12M3−
30E3+ − 6M3+
−12E3− + 6M3−

= |E0+|2 + 3 |E1+|2 + 3E∗1+M1+ + 3M∗1+E1+ − |M1+|2 + |M1−|2 + 6 |E2+|2 + 12E∗2+M2+ − |E2−|2 − 3E∗2−M2−
+ 12M∗2+E2+ − 3 |M2+|2 − 3M∗2−E2− + 3 |M2−|2 + 10 |E3+|2 + 30E∗3+M3+ − 3 |E3−|2 − 12E∗3−M3−
+ 30M∗3+E3+ − 6 |M3+|2 − 12M∗3−E3− + 6 |M3−|2
Table 5. The coefficient (a3)
Eˇ
0 for an expansion of Eˇ up to Lmax = 3 is evaluated explicitly in terms of the matrix CEˇ0 .
An explicit example of the color scheme is provided in Ta-
ble 6. Each small colored block represents a matrix entry.
Positive matrix entries have red color, negative ones are
blue.
The strength of the color shading corresponds to the
magnitude of the entry. White entries are therefore zero.
With the color scheme introduced here, the remaining Leg-
endre coefficients (aLmax)
Eˇ
(1,2,3,4,5,6) defining Eˇ can be rep-
resented as well. Their matrices are shown in Tables 6 to
10 and provide further examples for the color scheme. The
graphical representation is shown for all investigated ob-
servables, for Lmax = 5, in appendix A.
The thin gray lines separate definite partial wave inter-
ferences. These interference contributions can be rather
obscured in the bilinear product expressions such as given
in the last line of Table 5.
Next we introduce a symbolic notation that clarifies the
possible partial wave interferences contributing to a par-
ticular Legendre coefficient. We observe that each block
separated by the thin lines in Tables 5 to 13 is exactly a
contribution of bilinear products of multipoles M∗`1M`2
for two specific angular momenta `1 and `2. Each such
block (or more precisely the contributions coming from
two blocks, since all CΩˇαk are either symmetric or her-
mitean) is denoted by a ’scalar product’ symbol 〈−,−〉
indicating which partial waves contribute to the possible
interferences in each coefficient (employing the standard
spectrocopic notation for S-, P - . . . waves). In this way,
the partial wave interferences in the coefficients defined
by the matrices given in Tables 6 to 13 can be written
compactly as:
(a3)
Eˇ
0 = 〈S, S〉+ 〈P, P 〉+ 〈D,D〉+ 〈F, F 〉 , (26)
(a3)
Eˇ
1 = 〈S, P 〉+ 〈P,D〉+ 〈D,F 〉 , (27)
(a3)
Eˇ
2 = 〈P, P 〉+ 〈S,D〉+ 〈D,D〉+ 〈P, F 〉
+ 〈F, F 〉 , (28)
(a3)
Eˇ
3 = 〈P,D〉+ 〈S, F 〉+ 〈D,F 〉 , (29)
(a3)
Eˇ
4 = 〈D,D〉+ 〈P, F 〉+ 〈F, F 〉 , (30)
(a3)
Eˇ
5 = 〈D,F 〉 , (31)
(a3)
Eˇ
6 = 〈F, F 〉 . (32)
For instance, the symbol 〈D,D〉 appearing in the coeffi-
cient (a2)
Eˇ
4 is just shorthand for a sum of bilinear products
of multipoles multiplying only D- with D-waves, i.e.
〈D,D〉 =
∑
M,M′={E,M}
∑
p,p′={±}
cM,M
′
p,p′ M∗2pM′2p′ . (33)
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CEˇ0 =

1 0 0 0 0 0 0 0 0 0 0 0
0 3 3 0 0 0 0 0 0 0 0 0
0 3 −1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 6 0 12 0 0 0 0 0
0 0 0 0 0 −1 0 −3 0 0 0 0
0 0 0 0 12 0 −3 0 0 0 0 0
0 0 0 0 0 −3 0 3 0 0 0 0
0 0 0 0 0 0 0 0 10 0 30 0
0 0 0 0 0 0 0 0 0 −3 0 −12
0 0 0 0 0 0 0 0 30 0 −6 0
0 0 0 0 0 0 0 0 0 −12 0 6

≡
S P D F
S
P
D
F
Table 6. Matrix defining the coefficient (a3)
Eˇ
0 for an expansion of Eˇ up to Lmax = 3. The color-scheme mentioned in the main
text is exemplified here.
CEˇ0 ≡
S P D F
S
P
D
F
W [MeV]1600 1800 2000 2200
b/
sr
]
µ
 
[
0E ) 3(a
-1
0
1
(a3)
Eˇ
0 = 〈S, S〉+ 〈P, P 〉
+ 〈D,D〉+ 〈F, F 〉
Table 7. Left: Matrix CEˇ0 , represented here in the color scheme, defines the coefficient (a3)Eˇ0 for an expansion of Eˇ up to
Lmax = 3, see also Table 5. Middle: Coefficient (a3)
Eˇ
0 obtained from a fit to the E-data (black points). For references to the data
see Table 4. Bonn Gatchina predictions, truncated at different Lmax (Lmax = 1 is drawn in green, Lmax = 2 in blue, Lmax = 3 in
red and Lmax = 4 in black) are drawn as well. Right: All partial wave interferences for Lmax = 3 are indicated in the notation
of equations (26) to (32).
The coefficients cM,M
′
p,p′ appearing in this sum are stored
in the corresponding matrix CEˇ4 (cf. Table 11).
As a further example for this notation, the coefficient
(a2)
Eˇ
0 is given entirely by interferences among partial waves
of the same order in `. Cross-interferences do not occur,
as can be seen by inspection of the expression (26) or the
matrix in Table 6. In the coefficient (a2)
Eˇ
1 on the other
hand, only cross-interference terms among S-, P -, and D-
waves contribute (compare Table 8 and equation (27)).
This brief way of representing partial wave interferences
by scalar products is used repeatedly in the following dis-
cussion (cf. Sections 5.1 to 5.4). It should however be re-
minded here that each 〈−,−〉-term is in truth an elaborate
bilinear form like (33), depending on at least 4 different
complex multipoles.
Finally, in order to aid the readability of the ensuing sec-
tion 5, Tables 7 to 13 contain pictures that anticipate the
results shown in the latter section. Here, we endow every
color-scheme matrix with a picture of the associated fitted
Legendre coefficient of Eˇ in a truncation at Lmax = 3. The
fitted values are plotted as black dots with errorbars. Fur-
thermore, we plotted as a comparison continuous curves
that represent the respective coefficient as calculated from
Bonn-Gatchina multipoles up to a certain truncation or-
der. Bonn-Gatchina curves are drawn for truncations at
Lmax = 1, 2, 3, 4, with corresponding colors explained in
the picture in Table 7.
We provide the plots here in order to motivate how the
interpretative statements in section 5 were gained. One
can look at the partial-wave interferences indicated by the
color scheme plot on the left of each Table and compare
with the corrections provided by each higher truncation
order in the picture on the right. The interferences are
also written again in the notation of equations (26) to
(32) in the picture on the right.
As an example, the coefficient (a3)
Eˇ
0 (Table 7) shows ap-
preciable corrections due to F -waves starting around W =
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CEˇ1 ≡
S P D F
S
P
D
F
W [MeV]
1600 1800 2000 2200
b/
sr
]
µ[
1E ) 3
(a
-2
-1
0
1
(a3)
Eˇ
1 = 〈S, P 〉+ 〈P,D〉
+ 〈D,F 〉
Table 8. Left: Matrix CEˇ1 , represented here in the color scheme, defines the coefficient (a3)Eˇ1 for an expansion of Eˇ up to
Lmax = 3, see also Table 5. Middle: Coefficient (a3)
Eˇ
1 obtained from a fit to the E-data (black points). For references to the
data see Table 4. Bonn Gatchina predictions, truncated at different Lmax (same colors as in Table 7) are drawn as well.
Right: All partial wave interferences for Lmax = 3 are indicated (in the notation of equations (26) to (32)).
CEˇ2 ≡
S P D F
S
P
D
F
W [MeV]
1600 1800 2000 2200
b/
sr
]
µ[
2E ) 3
(a
-2
0
2
(a3)
Eˇ
2 = 〈P, P 〉+ 〈S,D〉
+ 〈D,D〉+ 〈P, F 〉
+ 〈F, F 〉
Table 9. Left: Matrix CEˇ2 , represented here in the color scheme, defines the coefficient (a3)Eˇ2 for an expansion of Eˇ up to
Lmax = 3, see also Table 5. Middle: Coefficient (a3)
Eˇ
2 obtained from a fit to the E-data (black points). For references to the
data see Table 4. Bonn Gatchina predictions, truncated at different Lmax (same colors as in Table 7) are drawn as well.
Right: All partial wave interferences for Lmax = 3 are indicated (in the notation of equations (26) to (32)).
1550 MeV. Judging from the matrix shown on the left,
these corrections can only step from 〈F, F 〉 interference
terms. A correction due to G-waves is also drawn for com-
parison, and the influence of the latter is seen to be neg-
ligible.
Another interesting coefficient is (a3)
Eˇ
6 , shown in Table 13.
It is significantly non-zero in the energy-region starting at
W = 1800 MeV. There, it is also reproduced very well
by the Bonn Gatchina curve truncated at the F -waves.
The corresponding matrix shows that this correction is
purely due to an 〈F, F 〉-term. The coefficient contains, for
Lmax = 3 at least, no further interference-blocks. There-
fore, it is already quite safe to interpret the correction
to be associated with F -wave resonances in this specific
energy region (see Table 47).
5 Interpretation
The following interpretation of the fits is organized as-
cending in energy, according to the four so-called ’reso-
nance regions’ present in the literature. The first reso-
nance region denotes the energy range from threshold up
to ELABγ = 500 MeV (or W = 1350 MeV). The second re-
gion spans the energy interval ELABγ ∈ [500, 900] MeV (or
W ∈ [1350, 1600] MeV respectively). We denote the en-
ergy range from ELABγ = 900 MeV (W = 1600 MeV) up
to ELABγ = 1256 MeV (W = 1800 MeV) as the third ’res-
onance region’. Finally, we regard as the fourth resonance
region the remaining energy regime from W = 1800 MeV
up to the highest energy of the considered datasets, i.e.
ELABγ = 2300 MeV (W = 2250 MeV) from the E-dataset
(cf. Table 4).
For each of these regions we consider the values of χ2/ndf
vs. energy for specific truncation orders. Additionally we
show examples of fitted angular distributions that illus-
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CEˇ3 ≡
S P D F
S
P
D
F
W [MeV]
1600 1800 2000 2200
b/
sr
]
µ[
3E ) 3
(a
-2
0
2
(a3)
Eˇ
3 = 〈P,D〉+ 〈S, F 〉
+ 〈D,F 〉
Table 10. Left: Matrix CEˇ3 , represented here in the color scheme, defines the coefficient (a3)Eˇ3 for an expansion of Eˇ up to
Lmax = 3, see also Table 5. Middle: Coefficient (a3)
Eˇ
3 obtained from a fit to the E-data (black points). For references to the
data see Table 4. Bonn Gatchina predictions, truncated at different Lmax (same colors as in Table 7) are drawn as well.
Right: All partial wave interferences for Lmax = 3 are indicated (in the notation of equations (26) to (32)).
CEˇ4 ≡
S P D F
S
P
D
F
W [MeV]
1600 1800 2000 2200
b/
sr
]
µ[
4E ) 3
(a
-2
0
2
(a3)
Eˇ
4 = 〈D,D〉+ 〈P, F 〉
+ 〈F, F 〉
Table 11. Left: Matrix CEˇ4 , represented here in the color scheme, defines the coefficient (a3)Eˇ4 for an expansion of Eˇ up to
Lmax = 3, see also Table 5. Middle: Coefficient (a3)
Eˇ
4 obtained from a fit to the E-data (black points). For references to the
data see Table 4. Bonn Gatchina predictions, truncated at different Lmax (same colors as in Table 7) are drawn as well.
Right: All partial wave interferences for Lmax = 3 are indicated (in the notation of equations (26) to (32)).
trate the afore mentioned χ2-plots. Finally, and perhaps
most importantly for the interpretation, the resulting Leg-
endre coefficients are plotted for each observable and com-
pared to predictions from the Bonn-Gatchina partial wave
analysis. These comparisons can illustrate the sensitivity
of certain observables to specific partial wave interferences
rather well. Also, they can give a first hint of the dominat-
ing, possibly resonant, partial wave contributions in the
data which may then be compared to the current PDG
resonances listed in Table 47. A quicker reference relating
multipoles to partial wave states and examples for well-
established resonances is provided in Table 14.
In order to aid the interpretation, we have given the com-
position of the matrices defining the Legendre coefficients
as bilinear hermitean forms of the multipoles (cf. Eq. (9)
and section 4), for every observable up to Lmax = 5 in
App. A.
The χ2/ndf is strongly dependent on the number of data
points as well as the covered angular range. Therefore,
we have indicated the energy ranges of equivalent angular
data points by dashed lines in Fig. 6 - 19 for all inves-
tigated datasets. By comparing the χ2/ndf of the fits to
the statistically equivalent data, found within two dashed
lines respectively, it can be confirmed that the observed
structures do not only depend on the angular coverage and
number of data points, but really give information about
the sensitivity on contributing resonances.
5.1 First resonance region
(1075 MeV .W . 1350 MeV)
In the first resonance region, the σ0 measurement of the
A2 collaboration has a significant overlap into this en-
ergy range. The new F -data from MAMI [13] have some
angular distributions in the first resonance region, but
not enough to obtain good information on the energy-
dependence of χ2/ndf or any partial wave. The σ0-data
were investigated first by fitting each datapoint includ-
ing just its published statistical error, cf. Fig. 6. Further-
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(a) Figure 6. The recent new differential cross section σ0
data from MAMI [19] with only statistical error was
fitted using associated Legendre polynomials according
to eq. 10 and truncating the partial wave expansion at
Lmax = 1 . . . 5. (a) The resulting χ
2/ndf values of the
different Lmax-fits as a function of the center of mass en-
ergy W are shown. (b) 6 out of 265 selected angular dis-
tributions of σ0 (black points) are plotted together with
the different Lmax fits (solid lines) starting at W=1154
MeV up to 1855 MeV. (c) Comparison of the fit coeffi-
cients for Lmax = 4 (black points), (a4)
σ0
0...8 (see eq. 10),
with the BnGa2014-02 solution truncated at different
Lmax (solid lines). Colors same as in (a).
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(a) Figure 7. The recent new differential cross section σ0
data from MAMI [19] with statistical and systematical
error was fitted using associated Legendre polynomials
according to eq. 10 and truncating the partial wave ex-
pansion at Lmax = 1 . . . 5. (a) The resulting χ
2/ndf val-
ues of the different Lmax-fits as a function of the center
of mass energy W are shown. (b) 6 out of 265 selected
angular distributions of σ0 (black points) are plotted to-
gether with the different Lmax fits (solid lines) starting
at W=1154 MeV up to 1855 MeV. (c) Comparison of
the fit coefficients for Lmax = 4 (black points), (a4)
σ0
0...8
(see eq. 10), with the BnGa2014-02 solution truncated
at different Lmax (solid lines). Colors same as in (a).
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Table 12. Left: Matrix CEˇ5 , represented here in the color scheme, defines the coefficient (a3)Eˇ5 for an expansion of Eˇ up to
Lmax = 3, see also Table 5. Middle: Coefficient (a3)
Eˇ
5 obtained from a fit to the E-data (black points). For references to the
data see Table 4. Bonn Gatchina predictions, truncated at different Lmax (same colors as in Table 7) are drawn as well.
Right: All partial wave interferences for Lmax = 3 are indicated (in the notation of equations (26) to (32)).
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Table 13. Left: Matrix CEˇ6 , represented here in the color scheme, defines the coefficient (a3)Eˇ6 for an expansion of Eˇ up to
Lmax = 3, see also Table 5. Middle: Coefficient (a3)
Eˇ
6 obtained from a fit to the E-data (black points). For references to the
data see Table 4. Bonn Gatchina predictions, truncated at different Lmax (same colors as in Table 7) are drawn as well.
Right: All partial wave interferences for Lmax = 3 are indicated (in the notation of equations (26) to (32)).
more, a second fit of the whole dataset was done, endowing
each datapoint with an error composed of the statistical
(∆σstat.0 ) and systematic uncertainty (∆σ
sys.
0 ) according
to
∆σ0 =
√
(∆σstat.0 )
2
+ (∆σsys.0 )
2
. (34)
For comparison, the latter fit results are shown in Fig. 7.
It is immediately apparent that the fit using just the sta-
tistical error needs a truncation at Lmax = 4 in order to
describe the data in the first resonance region. This seems
counter-intuitive, since the only well-established resonance
in this region, the ∆(1232) 32
+
(cf. Fig. 5), occurs in a P -
wave and is long known to dominate all remaining partial
waves by at least one order of magnitude.
However, once the systematic errors are included in the
fit, it can be seen in Fig. 7 that a truncation at Lmax = 1
is sufficient to describe the data, as may also be antici-
pated. These results already suggest that the systematic
errors play an important role for the interpretation of the
σ0 data in the first resonace region, or more generally as
soon as the statistical errors become smaller than the sys-
tematic errors.
Also contained in Figures 6 and 7 are plots of the fit-
ted Legendre coefficients (black points) compared to pre-
dictions of each coefficient (continuous lines), which are
evaluated using Bonn-Gatchina multipoles only up to a
specific truncation order. The color coding for the Lmax
used in the Bonn-Gatchina prediction is kept in consis-
tency with the one used in the χ2 plot at the top of
Fig. 6 (the same colors are used as well in Figures 7
to 19). The coefficients (a4)
σ0
(0,2) are described well using
Bonn-Gatchina multipoles up to Lmax = 1. The remaining
ones, (a4)
σ0
(1,3,...,8), show major discrepancies to the Bonn-
Gatchina prediction even up to a truncation angular mo-
mentum of 4. For (a4)
σ0
1 and (a4)
σ0
3 the difference shows
a ’smooth’ behaviour and the predictions for both coeffi-
cients are non-zero within the first resonance region. For
(a4)
σ0
(4,...,8) however the differences are more ’peak-like’ and
the predictions even up to Lmax = 4 vanish in the energy
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Figure 8. The fitted Legendre coefficients (aLmax)
σ0
(0,...,4) are plotted in comparison to predictions from SAID-CM12 multipoles
[21] up to Lmax = 1 (green), Lmax = 2 (blue) and Lmax = 3 (red).
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Figure 9. The fitted Legendre coefficients (aLmax)
σ0
(0,...,4) are shown in comparison to predictions from BnGa2014-02 (red solid
line) as well as SAID-CM12 [21] multipoles (red dashed line) up to, in both cases, Lmax = 3.
region considered here. These two observations can be in-
terpreted consistently once the systematic error is incor-
porated into the fitting according to Eq. (34), the results
of which are shown in Fig. 7. It can be seen that the peak-
like discrepancies in (a4)
σ0
(4,...,8) vanish within the range of
their errors.
The results for the fitted coefficients are still clearly non-
zero. Their errors now however support a scenario in which
all of these coefficients would vanish. We therefore inter-
pret the discrepancies in the higher coefficients to be sys-
tematic effects that are still present in the data. This in-
terpretation is demanded by the fact that the dominant
S- and P -waves can only occur in these coefficients as in-
terferences with F -waves or higher (cf. App. A). The lat-
ter is true especially for the dominant P -waves containing
contribution from the ∆(1232) 32
+
, which are not allowed
to interfere with either S- or D-waves or with themselves.
The coefficients (a4)
σ0
(7,8) in particular do not get contribu-
tions from S- and P -waves at all (for Lmax ≤ 5), yet they
show up as clearly non-zero once the data are fitted. The
Bonn-Gatchina prediction, although containing a domi-
nant ∆-resonance contribution in the P -wave, determines
all contributions of the above mentioned interferences to
be practically zero. Therefore, we suggest that the peak-
like discrepancies in the higher Legendre coefficients of σ0
are very likely unrelated to any new physics information
in the first resonance region, but are merely present due
to the systematic uncertainties in the data.
On the other hand, Legendre coefficients allowing a more
interesting interpretation are (a4)
σ0
(1,3). Here the disagree-
ment is not corrected upon introducing the systematic er-
rors into the fitting (cf. Fig. 7). Rather the effect on the
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`pi P Multipoles Partial Wave States
0 (S) − E0+ N 12
−
, ∆ 1
2
−
N (1535) 1
2
−
1 (P ) + E1±, M1− N 12
+
, N 3
2
+
, ∆ 1
2
+
, ∆ 3
2
+
N (1440) 1
2
+
, ∆ (1232) 3
2
+
2 (D) − E2±, M2± N 32
−
, N 5
2
−
, ∆ 3
2
−
, ∆ 5
2
−
N (1520) 3
2
−
, ∆ (1700) 3
2
−
3 (F ) + E3±, M3± N 52
+
, N 7
2
+
, ∆ 5
2
+
, ∆ 7
2
+
N (1680) 5
2
+
, ∆ (1905) 5
2
+
4 (G) − E4±, M4± N 72
−
, N 9
2
−
, ∆ 7
2
−
, ∆ 9
2
−
N (2190) 7
2
−
5 (H) + E5±, M5± N 92
+
, N 11
2
+
, ∆ 9
2
+
, ∆ 11
2
+
N (2220) 9
2
+
, ∆ (2420) 11
2
+
Table 14. List of the corresponding partial waves and mul-
tipoles to different values of `pi. The parity is given by P =
(−)`pi+1. The PDG notations forN and∆ resonances are given.
Examples of well established N - and ∆-resonances (i.e. ∗ ∗ ∗∗-
resonances in the PDG) lowest in mass for a specific combina-
tion of quantum numbers are also given.
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Figure 5. The calculated Breit-Wigner amplitudes for differ-
ent resonances in comparison to the measured cross section
[8].
size of the errors is not so extreme in this case and the
disagreement with Bonn-Gatchina is still significant. In
order to clarify the situation, the fit results for (a4)
σ0
(0,...,4)
are compared to predictions from SAID S-, P -, D- and F -
waves in Fig. 8. Here, the agreement is a lot better. There-
fore, the smooth discrepancies between Bonn-Gatchina
and the fit results for (a4)
σ0
(1,3) clearly show deficiencies of
the PWA. Figure 9, where BnGa- and SAID-predictions
truncated at Lmax = 3 are compared in the ∆-region, fur-
ther serves to illustrate this point.
As a physics interpretation of all data available in the first
resonance region, it can be said that once the systematic
uncertainties are included into the fitting, the influence of
the ∆(1232) 32
+
, which is long known to dominate here, is
consistent with the χ2 plot shown in Fig. 7 (an Lmax = 1-
truncation is seen to clearly describe the data). The in-
fluence of all higher partial waves is small and can not be
inferred by looking at the χ2. Their presence in the results
of fits with only statistical errors (Fig. 6) is highly unlikely
to show any new physics.
5.2 Second resonance region
(1350 MeV .W . 1600 MeV)
The data base for an interpretation of partial wave contri-
butions in the second resonance region is a lot richer than
that of the preceding section. In fact, all datasets except
for the Σ data from the CLAS collaboration have data
here. The results of all fits can be seen in Figures 6, 7, 10,
11, 12, 13, 14, 15, 16, 17 and 18.
The plots of χ2/ndf vs. energy suggest that a descrip-
tion using up to D-waves is good for almost all observ-
ables under investigation. At the border to the third res-
onance region (around W = 1600 MeV), the following
datasets show small indications for F -waves in the χ2/ndf:
σ0 (Figures 6 and 7), the spin dependent cross section
σ3/2 (Fig. 12), the G dataset from CBELSA/TAPS and
the Σ measurement from GRAAL (Figures 14 and 18).
The influence of F -waves shows up where the well con-
firmed ∗ ∗ ∗∗-resonance N(1680) 52
+
is known to exist (cf.
Tables 47 and 14). The second resonance region (mass
range 1350 MeV . W . 1600 MeV) contains no F -wave
resonances according to the PDG (see as well Table 47).
Therefore, the data are in agreement with the already es-
tablished resonances.
The appearance of significant higher partial wave contri-
butions in the A2 cross section remains questionable due
to issues already discussed in Sec. 5.1, especially since the
fits to data including the systematic error show no such
indications (cf. Fig. 7).
Once the fitted Legendre coefficients are compared to the
BnGa2014-02 solution, many are well described with a
truncation up to D-waves. Good examples are (a4)
σ0
(0,2),
(a2)
Pˇ
2 , (a3)
σ1/2
(0,...,4), (a3)
Fˇ
2 , (a3)
Gˇ
2 and (a4)
ΣˇGRAAL
2 . Generally,
it is seen that all those coefficients contain 〈D,D〉-contri-
butions. In regard of the well known D-wave resonance
N (1520) 32
−
, these facts seem not surprising.
However, some coefficients show structures that demand
Bonn-Gatchina F -waves in order to be reproduced. The
Legendre coefficients (a3)
Eˇ
(0,3) for example both need slight
corrections from F -waves approaching W = 1600 MeV.
Further examples for small improvements due to F -wave
contributions are (a3)
σ3/2
2 , (a3)
Fˇ
1 , (a1)
Hˇ
2 , (a2)
Pˇ
(1,2) and
(a4)
Σˇ
(4,6) from fits to the GRAAL measurement. In all of
these cases the Bonn-Gatchina description up to D-waves
seems almost right, but the slight correction via the F -
waves still gives an improved description of the fitted Leg-
endre coefficients. This seems at first like a contradiction,
since the χ2-tests above were suggesting in case of for in-
stance the observables Eˇ, Pˇ and Hˇ, that a truncation at
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lower Lmax, i.e. 2 or 1, should be sufficient to describe the
Legendre coefficients within the second resonance region.
However, this apparent contradiction is not a real one.
What can be observed here, is a phenomenon inherent to
polarization observables, namely the possibility for partial
waves of various orders to give interference contributions.
Therefore, for each increased order in Lmax, the multipoles
corresponding to this increased order not only contribute
to the higher Legendre coefficients according to Eqs (8)
and (9), but also to the lower ones. Most crucially, higher
partial waves who are themselves small can nonetheless
yield nontrivial contributions via interference with domi-
nant lower waves. For example, the coefficient (a3)
Tˇ
3 is, in
an F -wave truncation, made up entirely of 〈P,D〉, 〈S, F 〉
and 〈D,F 〉 interference terms (for an explanation of this
notation, see section 4 and Appendix A) and an effect is
visible in Fig. 17.
The above mentioned interference effect is even more pro-
nounced in the coefficients (a3)
σ3/2
(3,5), (a4)
σ0
(1,3), (a3)
Fˇ
3 ,
(a3)
Gˇ
(3,5), (a1)
Hˇ
1 and (a2)
Pˇ
3 . The observable σ3/2 deserves
special mentioning here. For the coefficient (a3)
σ3/2
3 at
around W = 1500 MeV, a highly nontrivial correction
begins which is, in an F -wave truncation, given entirely
by a 〈D,F 〉 interference term (see Figure 12 and Table
32). The black curve, corresponding to a prediction includ-
ing G-waves, shows an almost vanishing further correction
and the blue Lmax = 2 curve has no chance to correctly
describe the Legendre coefficient.
Apart from σ3/2, the H measurement from
CBELSA/TAPS deserves a special mentioning as well. It
already has a good χ2 using a truncation at Lmax = 1 (cf.
Fig. 15), within the statistical precision. However, con-
tributions from higher partial waves should not be disre-
garded for the H measurement as well, especially in the
first Legendre coefficient.
Although the χ2 plot only shows indication of up to P -
waves, contributions from Bonn-Gatchina D- and F -waves
are needed in order to describe the coefficient. This is an
extreme example of the above mentioned interference phe-
nomenon.
The Legendre coefficient (a3)
σ3/2
6 has small values but is
also significantly non-zero. In an F -wave truncation, this
quantity is given entirely by an 〈F, F 〉 term and the Bonn-
Gatchina prediction for Lmax = 3 reproduces it rather
well. Therefore, one can interpret the non-vanishing of
(a3)
σ3/2
6 as a first hint of the F -wave resonances which
dominate the third resonance region, reaching into the sec-
ond one. A similar hint of a non-trivial 〈F, F 〉-contribution
in the second resonance region can be obtained by looking
at the coefficient (a4)
ΣˇGRAAL
6 . The quantities (a4)
σ0
(4,6) get
similar contributions as well.
In order to summarize the physical results obtained for
the second resonance region, it has to be said that most
χ2 distributions are consistent with the dominance of well
established S-, P - and D-wave resonances according to
the PDG (cf. Table 14). A particular example for these is
given by the N(1520) 32
−
(cf. Figure 5). Only very few ob-
servables show first indications of F -waves in χ2. However,
once the fit results are compared to the Bonn-Gatchina
PWA, the influence of the lowest well-confirmed F -waves
from the third resonance region can already be seen in a
lot of Legendre coefficients.
Therefore, polarization observables show their usefulness
by being sensitive to a large variety of partial wave in-
terferences. In particular, σ3/2 shows up as an observable
that is highly capable of detecting F -wave contributions.
5.3 Third resonance region
(1600 MeV .W . 1800 MeV)
Almost all considered datasets have data in the third reso-
nance region, except for the P and H measurements from
the CBELSA/TAPS/TAPS collaboration (cf. Table 4).
The χ2 plots of almost all observables indicate the need
for F -waves in order to describe the data. This is seen
clearly in the rising flanks around W = 1650 MeV of
the Lmax = 2-curves in the χ
2 plots of the G, T and
Σ measurements (Figures 14, 17, 18 and 19). For σ3/2
(Fig. 12), this curve even has a pronounced peak around
W ≈ 1650 MeV. Exceptions are the E-, F - and σ1/2 ob-
servables which have already a good χ2 using a D-wave
truncation (Figures 10, 13 and 11). The fits to σ0 data
both with and without inclusion of the systematic error
(Figures 6 and 7), as well as to the Σ data from CLAS
(Fig. 19) even show indications for G-waves. In this par-
ticular energy region, the possibility of this observation
can be attributed to the high statistical precision of the
latter datasets.
Considering the Legendre coefficients in the third reso-
nance region, it is seen in most cases that Bonn-Gatchina-
predictions up to F -waves are needed for a good descrip-
tion. Exceptions that already agree with the D-wave pre-
dictions are (a3)
σ1/2
(0,...,6). Coefficients that even demand Bonn-
Gatchina G-waves are (a4)
σ0
7 , (a3)
σ3/2
5 and (a4)
ΣCLAS
(4,7,8) .
The latter coefficients allow an interpretation as influences
of the dominant G-waves in the fourth resonance region
(cf. Table 14) down into the third region. The quantity
(a4)
σ0
7 for example is a pure 〈F,G〉-term in a G-wave trun-
cation (see Table 16). The predictions as well as fit results
for this coefficient are clearly non-zero in the second half of
the third resonance region. In (a3)
σ3/2
5 , the G-wave correc-
tion due to 〈P,G〉- and 〈F,G〉 terms is admittedly small
but necessary. The same is true for (a4)
ΣCLAS
4 where the
G-waves enter via 〈S,G〉-, 〈D,G〉- and 〈G,G〉-terms.
The observable σ3/2 again facilitates the study of F -waves
very well. The central peak of (a3)
σ3/2
2 around W = 1700
MeV in the third resonance region is completely missed by
the Bonn-Gatchina prediction which is generated using up
to D-waves. The inclusion of all partial waves with Lmax =
3 makes the description perfect. In (a3)
σ3/2
3 , the second
half of the huge 〈D,F 〉-interference correction which was
already mentioned in Sec. 5.2 can be seen. The coefficient
(a3)
σ3/2
4 also has a central peak in the third resonance re-
gion. Since it is composed solely of 〈D,D〉-, 〈P, F 〉, and
〈F, F 〉-terms in an F -wave truncation and the D-wave
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(a) Figure 10. The recent new double polarization observ-
able Eˇ data from ELSA [9,10] with only statistical er-
ror was fitted using associated Legendre polynomials
according to eq. 14 and truncating the partial wave ex-
pansion at Lmax = 1 . . . 4. (a) The resulting χ
2/ndf val-
ues of the different Lmax-fits as a function of the center
of mass energy W are shown. (b) 6 out of 33 selected
angular distributions of Eˇ (black points) are plotted to-
gether with the different Lmax fits (solid lines) starting
at W= 1522 MeV up to 2157 MeV. (c) Comparison of
the fit coefficients for Lmax = 3 (black points), (a3)
Eˇ
0...6
(see eq. 14), with the BnGa2014-02 solution truncated
at different Lmax (solid lines). Colors same as in (a). A
strong sensitivity to Lmax = 3 contributions is visible
for almost the entire energy range, especially for (a3)
Eˇ
0
and (a3)
Eˇ
6 .
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(a) Figure 11. The recent new observable σ1/2 data from
ELSA [9,10] with only statistical error was fitted us-
ing associated Legendre polynomials according to eq. 22
and truncating the partial wave expansion at Lmax =
1 . . . 4. (a) The resulting χ2/ndf values of the different
Lmax-fits as a function of the center of mass energy W
are shown. (b) 6 out of 33 selected angular distributions
of σ1/2 (black points) are plotted together with the dif-
ferent Lmax fits (solid lines) starting at W= 1522 MeV
up to 2157 MeV. Only statistical errors were used. (c)
Comparison of the fit coefficients for Lmax = 3 (black
points), (a3)
σ1/2
0...6 (see eq. 22), with the BnGa2014-02 so-
lution truncated at different Lmax (solid lines). Colors
same as in (a).
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(a) Figure 12. The recent new observable σ3/2 data from
ELSA [9,10] with only statistical error was fitted us-
ing associated Legendre polynomials according to eq. 23
and truncating the partial wave expansion at Lmax =
1 . . . 4. (a) The resulting χ2/ndf values of the different
Lmax-fits as a function of the center of mass energy W
are shown. (b) 6 out of 33 selected angular distributions
of σ3/2 (black points) are plotted together with the dif-
ferent Lmax fits (solid lines) starting at W= 1522 MeV
up to 2157 MeV. Only statistical errors were used. (c)
Comparison of the fit coefficients for Lmax = 3 (black
points), (a3)
σ3/2
2...6 (see eq. 23), with the BnGa2014-02 so-
lution truncated at different Lmax (solid lines). Colors
same as in (a).
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(a) Figure 13. The recent new double polarization observ-
able Fˇ data from MAMI [13] with only statistical er-
ror was fitted using associated Legendre polynomials
according to eq. (17) and truncating the partial wave
expansion at Lmax = 1 . . . 4. (a) The resulting χ
2/ndf
values of the different Lmax-fits as a function of the cen-
ter of mass energy W are shown. (b) 6 out of 34 selected
angular distributions of Fˇ (black points) are plotted to-
gether with the different Lmax fits (solid lines) starting
at W= 1410 MeV up to 1842 MeV. (c) Comparison of
the fit coefficients for Lmax = 3 (black points), (a3)
Fˇ
1...6
(see eq. (17)), with the BnGa2014-02 solution truncated
at different Lmax (solid lines). Colors same as in (a). A
strong sensitivity to Lmax = 2 contributions and some
signals of Lmax = 3-strength are visible for the whole
energy range.
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(a) Figure 14. The recent new double polarization observ-
able Gˇ data from ELSA [7,8] with only statistical er-
ror was fitted using associated Legendre polynomials
according to eq. 15 and truncating the partial wave ex-
pansion at Lmax = 1 . . . 4. (a) The resulting χ
2/ndf val-
ues of the different Lmax-fits as a function of the center
of mass energy W are shown. (b) 6 out of 19 selected
angular distributions of Gˇ (black points) are plotted to-
gether with the different Lmax fits (solid lines) starting
at W= 1438 MeV up to 1822 MeV. (c) Comparison of
the fit coefficients for Lmax = 3 (black points), (a3)
Gˇ
2...6
(see eq. 15), with the BnGa2014-02 solution truncated
at different Lmax (solid lines). Colors same as in (a).
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(a) Figure 15. The recent new double polarization observ-
able Hˇ data from ELSA [11,12] with only statistical
error was fitted using associated Legendre polynomi-
als according to eq. 16 and truncating the partial wave
expansion at Lmax = 1 . . . 4. (a) The resulting χ
2/ndf
values of the different Lmax-fits as a function of the cen-
ter of mass energy W are shown. (b) 6 out of 8 selected
angular distributions of Hˇ (black points) are plotted to-
gether with the different Lmax fits (solid lines) starting
at W= 1491 MeV up to 1593 MeV. (c) Comparison of
the fit coefficients for Lmax = 1 (black points), (a1)
Hˇ
1,2
(see eq. 16), with the BnGa2014-02 solution truncated
at different Lmax (solid lines). Colors same as in (a).
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prediction completely misses the fit result, it is tempt-
ing to associate this pronounced peak with the dominant
∗ ∗ ∗∗-resonance N(1680) 52
+
. The maximum of the peak
is even positioned very close to the resonance mass. The
latter statement is also true with slightly less precision for
the peak of the (a3)
σ3/2
6 -coefficient. This quantity is given
solely as an 〈F, F 〉-term for Lmax = 3. Its non-vanishing
means again clear evidence for non-trivial F -wave contri-
butions in the third resonance region.
Further Legendre coefficients whose structure is given in
terms of leading 〈F, F 〉-interferences are (a3)Eˇ6 , (a3)Gˇ6 and
(a3)
Tˇ
6 . While for the E-coefficient the errors are too large
to confirm a signal of F -wave resonances, the T -coefficient,
which is not zero, shows further good evidence for the
dominant F -wave resonances.
The physical interpretation of the results in the third res-
onance region is clearly that F -wave contributions can no
longer be neglected and are important. These are stem-
ming mainly from the well-established F -wave resonance
with lowest mass, the N(1680) 52
+
(cf. Fig. 5). However
there is also a ∗∗-F -wave state, the N(1860) 52
+
and a
well-confirmed Delta state ∆(1905) 52
+
(∗ ∗ ∗∗) (for both
cf. Table 14) whose influence may be felt in the data here
as well. Observables stemming from very precise measure-
ments, i.e. the σ0 andΣCLAS data, or the σ3/2 cross section
which by definition is expected to show a larger sensitivity
to higher partial waves, show the influence of G-waves in
the context of the comparison with Bonn-Gatchina pre-
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(a) Figure 16. The recent new double polarization observ-
able Pˇ data from ELSA [11,12] with only statistical
error was fitted using associated Legendre polynomi-
als according to eq. 13 and truncating the partial wave
expansion at Lmax = 1 . . . 4. (a) The resulting χ
2/ndf
values of the different Lmax-fits as a function of the cen-
ter of mass energy W are shown. (b) 6 out of 8 selected
angular distributions of Pˇ (black points) are plotted to-
gether with the different Lmax fits (solid lines) starting
at W= 1491 MeV up to 1612 MeV. (c) Comparison of
the fit coefficients for Lmax = 2 (black points), (a2)
Pˇ
1...4
(see eq. 13), with the BnGa2014-02 solution truncated
at different Lmax (solid lines). Colors same as in (a).
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(a) Figure 17. The recent new single polarization observ-
able Tˇ data from ELSA [11,12] with only statistical
error was fitted using associated Legendre polynomi-
als according to eq. 12 and truncating the partial wave
expansion at Lmax = 1 . . . 4. (a) The resulting χ
2/ndf
values of the different Lmax-fits as a function of the cen-
ter of mass energy W are shown. (b) 6 out of 24 selected
angular distributions of Tˇ (black points) are plotted to-
gether with the different Lmax fits (solid lines) starting
at W= 1593 MeV up to 2085 MeV. (c) Comparison of
the fit coefficients for Lmax = 3 (black points), (a3)
Tˇ
1...6
(see eq. 12), with the BnGa2014-02 solution truncated
at different Lmax (solid lines). Colors same as in (a).
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(a) Figure 18. The beam asymmetry ΣˇGRAAL data from
GRAAL [24] with only statistical error was fitted us-
ing associated Legendre polynomials according to eq. 11
and truncating the partial wave expansion at Lmax =
1 . . . 4. (a) The resulting χ2/ndf values of the different
Lmax-fits as a function of the center of mass energy W
are shown. (b) 6 out of 31 selected angular distributions
of ΣˇGRAAL (black points) are plotted together with the
different Lmax fits (solid lines) starting at W= 1504
MeV up to 1885 MeV. (c) Comparison of the fit co-
efficients for Lmax = 4 (black points), (a4)
ΣˇGRAAL
2...8 (see
eq. 11), with the BnGa2014-02 solution truncated at
different Lmax (solid lines). Colors same as in (a).
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dictions. Unsurprisingly, in almost all cases the G-waves
enter via interferences with lower partial waves. One ex-
ception is the coefficient (a4)
ΣˇCLAS
8 , which also has 〈G,G〉-
contributions.
5.4 Fourth resonance region
(1800 MeV .W . 2250 MeV)
Within the region discussed here, all datasets that were
discussed in Sec. 5.3 are considered except for the F and G
measurements, which do not have a very significant over-
lap.
The χ2 plots mostly show clear evidence for F -waves and
even small sensitivity to G-waves in selected bins. The
latter statement is true for all observables. Datasets with
a very large precision can even show indications of H-
waves (Lmax = 5). These can be seen for the fits of σ0
(excluding the systematic error, Fig. 6) and ΣˇCLAS (Fig.
19). The fit to σ0 without systematic errors even suggests
significant contributions beyond the H-waves for energies
W > 1900 MeV (Fig. 6). Once the systematic errors are
included into the fitting (Fig. 7), the Lmax implied by the
χ2 plot is lowered significantly to 4. In the highest mass
region, for W > 1900 MeV, it is even lowered to 3. There-
fore, in this highest energy region of the σ0 measurement,
the systematic errors are again important and their influ-
ence cannot be neglected.
The latter fact can be confirmed by looking at the Leg-
endre coefficients of σ0. For W < 1900 MeV, (a4)
σ0
(0,1,2,5,6)
are already well described using only up to Bonn-Gatchina
F -waves. For (a4)
σ0
(3,4,7,8), the Bonn-Gatchina description
truncated even at Lmax = 4 is slightly off. Those state-
ments also hold for the fits including the systematic errors
(Fig. 7). The importance of the coefficient (a4)
σ0
7 shall be
emphasised here, since it is a pure 〈F,G〉-term in a G-wave
truncation and clearly shows the non-trivial influence of
G-waves in the fourth resonance region. This illustrates
the potential within polarization measurements, namely
to detect missing resonances by their interferences with
well-established states, here for example the ∆(1905) 52
+
,
which couples to the F35-wave. In the energy region be-
yond W = 1900 MeV however, all fit results for the higher
Legendre coefficients (a4)
σ0
(3,...,8) from the pruely statistical
fit show large discrepancies to the Bonn-Gatchina predic-
tions (Fig. 6). Taking into account the systematic errors
substantially increases the errors of the Legendre coeffi-
cients in this highest energy regime (Fig. 7). The disagree-
ment with Bonn-Gatchina is still there, however due to the
large errors it is less significant.
The Legendre coefficients of the remaining observables are
in most cases already well described using Bonn-Gatchina
predictions up to F -waves. Exceptions that require a cor-
rection due to G-waves are (a3)
σ3/2
(3,5), (a4)
ΣˇGRAAL
7 and
(a4)
ΣˇCLAS
(4,5,6) . In both (a3)
σ3/2
(3,5), G-waves enter as 〈P,G〉- and
〈F,G〉-interferences, the contribution of which cannot be
neglected in the lower third of the fourth resonance re-
gion. For the higher energies, (a3)
σ3/2
3 is again well de-
scribed by an F -wave truncation, while for (a3)
σ3/2
3 even
truncations beyond G-waves were not found to be able
to describe the coefficient. For (a4)
ΣˇGRAAL
7 , G-waves en-
ter purely via 〈F,G〉-terms, which clearly cannot be ne-
glected in the fourth resonance region. Nontrivial correc-
tions can also be found for (a4)
ΣˇCLAS
4 via 〈S,G〉-, 〈D,G〉-
and 〈G,G〉-terms. For (a4)ΣˇCLAS5 , 〈P,G〉- and 〈F,G〉-inter-
ferences become important.
The coefficients (a4)
ΣˇCLAS
(7,8) are worth mentioning since they
do not have a good description by the G-wave trunca-
tion, which is however improved drastically once H-waves
are included. The G-wave prediction even gets the sign of
(a4)
ΣˇCLAS
8 wrong, an issue which is cured by the H-waves.
However, this discrepancy between the G-wave predictions
and the data, as well as the aparent improvement upon in-
cluding H-waves, may both very well be an artifact of our
usage of the solution BnGa2014-02. In a more recent fit,
the Bonn-Gatchina group was able to describe the ΣCLAS-
and other data better by including a new G-wave state,
namely ∆(2200) 72
−
[35].
As a physical conclusion, it can be said that the fourth res-
onance region is clearly dominated by F -waves. However,
traces of small but non-negligible G-wave contributions
can be found in the χ2 plots as well as the comparison to
the Bonn-Gatchina PWA. Significant bumps that are pro-
duced by 〈F, F 〉-terms and may therefore be attributed to
the resonances N(1860) 52
+
(∗∗) and ∆(1905) 52
+
(∗ ∗ ∗∗)
occur in the coefficients (a3)
Eˇ
6 , (a3)
σ3/2
6 and (a3)
Tˇ
6 .
6 Conclusions and Outlook
This work has given a detailed description of a method to
infer the dominant partial wave contributions from polari-
zation measurements, by fitting a Legendre parametriza-
tion to angular distributions and investigating the change
in χ2/ndf for different truncation angular momenta Lmax.
For the proposed parametrization in terms of associated
Legendre polynomials Pm` (cos θ), the detailed composi-
tion of every considered Legendre coefficient (aLmax)
Ωˇα
k
(belonging to a particular observable Ωˇα) as a bilinear
hermitean form in the multipoles was also provided. The
analysis method was then applied in a survey of recent
polarization measurements of single-spin and beam-target
observables in γp → pi0p [19], [24,22], [11,12], [11,12],
[7,8], [9,10], [11,12] and [13]). The results of the anal-
ysis were also compared to predictions from the Bonn-
Gatchina PWA truncated at different Lmax (Lmax =1: S
and P-waves only; Lmax =2: S, P and D-waves; Lmax =3:
S, P, D and F-waves; Lmax =4: S, P, D, F and G-waves;
Lmax =5: S, P, D, F, G and H-waves;). The interpretation
of these comparisons also exposed the advantages and dis-
advantages of the method.
On the one hand the method is simple, the analysis is
quickly executed and the whole scheme generalizes read-
ily to polarization measurements in reactions other than
photoproduction. It is furthermore directly sensitive to the
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(a) Figure 19. The beam asymmetry ΣˇCLAS data from
JLab [22] with only statistical error was fitted using as-
sociated Legendre polynomials according to eq. 11 and
truncating the partial wave expansion at Lmax = 1 . . . 5.
(a) The resulting χ2/ndf values of the different Lmax-
fits as a function of the center of mass energy W are
shown. (b) 6 out of 39 selected angular distributions of
ΣˇCLAS (black points) are plotted together with the dif-
ferent Lmax fits (solid lines) starting at W= 1776 MeV
up to 2092 MeV. (c) Comparison of the fit coefficients
for Lmax = 4 (black points), (a4)
ΣˇCLAS
2...8 (see eq. 11), with
the BnGa2014-02 solution truncated at different Lmax
(solid lines). Colors same as in (a).
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precision as well as, primarily in the resulting Legendre co-
efficients, to the kinematic coverage of the data. Therefore
it reflects the quality of the considered datasets in just a
few steps. Furthermore, the method reliably determines
the order Lmax beyond which the higher Legendre coeffi-
cients are supressed.
The comparison with the Bonn-Gatchina PWA on the
other hand has revealed that the χ2 criterion is in some
cases not sensitive to partial wave interferences in the
lower, non-supressed Legendre coefficients. Some of the
considered datasets seemed to be very sensitive to inter-
ferences of small higher partial waves with dominant lower
ones, which then were seen to still yield significant contri-
butions in the lower (aLmax)
Ωˇα
k . The H measurement is a
particularly extreme example.
However, polarization observables have in the past been
proposed as meaningful quantities precisely because of
these interferences, and that the latter can give important
information even on the supressed higher partial waves.
Observables, at least in the context of this study, have
shown to be sensitive to high-low partial wave interfer-
ences for two reasons:
The first would be a very large precision in the measure-
ment of the observable and correspondingly very small er-
rors. The σ0 data of the A2 collaboration and the Σ mea-
surement from CLAS have shown up to have this property.
As a second reason, it may also be that the given observ-
able is already sensitive by way of its physical definition.
An example that has shown up in this work is the spin
dependent cross section σ3/2, which is purged from contri-
butions of all multipoles with J = 1/2 and therefore also
from all resonances with JP = 12
+
, 12
−
quantum numbers
(or multipoles E0+ and M1−, respectively).
The question now is: How does one proceed from the fin-
dings obtained by the proposed analysis method? At most,
the energy-independent truncated partial wave analysis al-
ready mentioned in the introduction would suggest itself.
It is then of interest how to choose the truncation angular
momentum Lmax for such an energy independent multi-
pole fit. Based on the results obtained in this work, the
following procedure is recommended.
In case a set of observables is fitted it should, for a trun-
cated PWA be at least a mathematically complete set
(cf. [32]). Examples for such sets are {σ0, Σ, T, P,G} and
{σ0, Σ, T, P, F}. By this criterion, the data investigated in
this work are already a mathematically overcomplete set.
Then one should investigate the χ2-plots of all those ob-
servables in the energy region where the datasets overlap.
This yields the estimate Lχ
2
max from the observable that
needs the highest truncation in order to get a good χ2.
Once multipoles are fitted however, one should at least
choose
(
Lχ
2
max + 1
)
for the multipole fit. The multipoles
corresponding to the additional order may then be either
fitted as well, or fixed to specific parameters from a model
amplitude.
For the datasets considered in this analysis, in case one
makes a fit at the highest accessible energies, the consid-
erations of the observable ΣCLAS specifically suggest to
analyze multipoles up to the H-waves.
Whatever the further analysis steps are supposed to be,
it is clear that an introductory survey according to the
methods shown in this work is a useful first step. It can
serve as a guideline for either a truncated single energy
fit, or any other kind of fitting of the data.
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A Partial wave contributions to angular fit
coefficients
In this appendix, we extend the notations and ideas intro-
duced in section 4 to the largest truncation angular mo-
mentum needed for all the interpretations in this work,
i.e. Lmax = 5. The observable E shall again serve as an
illustration. For the above mentioned truncation at the
H-waves, the angular parametrization (14) reads
Eˇ = ρ
(
(a5)
Eˇ
0 P0(cos θ) + (a5)
Eˇ
1 P1(cos θ)
+ (a5)
Eˇ
2 P2(cos θ) + (a5)
Eˇ
3 P3(cos θ)
+ (a5)
Eˇ
4 P4(cos θ) + (a5)
Eˇ
5 P5(cos θ)
+ (a5)
Eˇ
6 P6(cos θ) + (a5)
Eˇ
7 P7(cos θ)
+ (a5)
Eˇ
8 P8(cos θ) + (a5)
Eˇ
9 P9(cos θ)
+ (a5)
Eˇ
10 P10(cos θ)
)
. (35)
Multipoles are now collected into a vector |M5〉, which is
defined in analogy to the vector |M2〉 of equation (25) in
section 4, i.e.
|M5〉 =
(
E0+, E1+,M1+,M1−, E2+, E2−,M2+,M2−,
E3+, E3−,M3+,M3−, E4+, E4−,M4+,M4−,
E5+, E5−,M5+,M5−
)T
. (36)
Each higher ` was included in the pattern
(
E`+, E`−,M`+,
M`−
)
. Since now 12 additional complex multipoles com-
ing from the F -, G- and H-waves contribute as compared
to the D-wave truncation discussed in the main text, the
formulas defining the Legendre coefficients (a5)
Eˇ
k appear-
ing in equation (35) become a lot more involved. The ba-
sic structure of bilinear hermitean forms has however not
changed, of course.
In the simplified scalar-product notation introduced in
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section 4, the partial-wave compositions of the Legendre-
coefficients of E can in an H-wave truncation be abbrevi-
ated as
(a5)
Eˇ
0 = 〈S, S〉+ 〈P, P 〉+ 〈D,D〉 (37)
+ 〈F, F 〉+ 〈G,G〉+ 〈H,H〉 , (38)
(a5)
Eˇ
1 = 〈S, P 〉+ 〈P,D〉+ 〈D,F 〉 (39)
+ 〈F,G〉+ 〈G,H〉 , (40)
(a5)
Eˇ
2 = 〈P, P 〉+ 〈S,D〉+ 〈D,D〉
+ 〈P, F 〉+ 〈F, F 〉+ 〈D,G〉 (41)
+ 〈G,G〉+ 〈F,H〉+ 〈H,H〉 , (42)
(a5)
Eˇ
3 = 〈P,D〉+ 〈S, F 〉+ 〈D,F 〉
+ 〈P,G〉+ 〈F,G〉+ 〈D,H〉 (43)
+ 〈G,H〉 , (44)
(a5)
Eˇ
4 = 〈D,D〉+ 〈P, F 〉+ 〈F, F 〉
+ 〈S,G〉+ 〈D,G〉+ 〈G,G〉 (45)
+ 〈P,H〉+ 〈F,H〉+ 〈H,H〉 , (46)
(a5)
Eˇ
5 = 〈D,F 〉+ 〈P,G〉+ 〈F,G〉 (47)
+ 〈S,H〉+ 〈D,H〉+ 〈G,H〉 , (48)
(a5)
Eˇ
6 = 〈F, F 〉+ 〈D,G〉+ 〈G,G〉
+ 〈P,H〉+ 〈F,H〉+ 〈H,H〉 , (49)
(a5)
Eˇ
7 = 〈F,G〉+ 〈D,H〉+ 〈G,H〉 , (50)
(a5)
Eˇ
8 = 〈G,G〉+ 〈F,H〉+ 〈H,H〉 , (51)
(a5)
Eˇ
9 = 〈G,H〉 . (52)
(a5)
Eˇ
10 = 〈H,H〉 . (53)
The Legendre coefficients (a5)
Eˇ
(0,...,10) of Eˇ in an H-wave
truncation are formed by composing bilinear forms out of
the CEˇ(0,...,10) via the rules outlined in section 4. Tables 29
to 31 shows them plotted in the color scheme. The Ta-
bles 5 to 13 of section 4, defining Eˇ in a truncation at
Lmax = 3, can be found in Tables 29 to 31 in all blocks
that define non-vanishing interferences among S-, P -, D-
and F -waves (to be found just in the color plots corre-
sponding to (a3)
Eˇ
(0,...,6), of course).
The remaining polarization observables investigated in this
work are represented in the same color scheme in Tables 15
to 46. Those pictures constitute a compact and quick ref-
erence showing the composition of Legendre coefficients in
terms of multipoles. In particular, they show which kind
of partial wave interferences are allowed in a particular
Legendre coefficient, and which are not. Therefore, they
are referenced repeatedly in the main text.
One special property of all matrices representing Legendre
coefficients of observables defined by a real part in Table 2
(i.e.
(
σ0, Σ, E, σ3/2, σ1/2
)
in this case here), is that they
are symmetric. The have to have this property in each
truncation order, such that the resulting observables are
real.
In case observables are defined by an imaginary part (i.e.
(T, P, G, H)), the matrices corresponding to the Legen-
dre coefficients are hermitean for the same reason. There-
fore, each matrix entry for the latter case has a factor of i,
which is however not shown explicitly in the color scheme.
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Table 15. Left: Matrices Cσ00···3, represented here in the color scheme, defines the coefficient (a5)σ00···3 for an expansion of σ0 up
to Lmax = 5. Middle: Coefficients (a4)
σ0
0···3 obtained from a fit to the σ0-data (black points). For references to the data see Table
4. Bonn Gatchina predictions, truncated at different Lmax (Lmax = 1 is drawn in green, Lmax = 2 in blue, Lmax = 3 in red and
Lmax = 4 in black) are drawn as well. Right: All partial wave interferences for Lmax = 5 are indicated.
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Table 16. Left: Matrices Cσ04···7, represented here in the color scheme, defines the coefficient (a5)σ04···7 for an expansion of σ0 up
to Lmax = 5. Middle: Coefficients (a4)
σ0
4···7 obtained from a fit to the σ0-data (black points). For references to the data see Table
4. Bonn Gatchina predictions, truncated at different Lmax (Lmax = 1 is drawn in green, Lmax = 2 in blue, Lmax = 3 in red and
Lmax = 4 in black) are drawn as well. Right: All partial wave interferences for Lmax = 5 are indicated.
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Table 17. Left: Matrices Cσ08···10, represented here in the color scheme, defines the coefficient (a5)σ08···10 for an expansion of σ0 up
to Lmax = 5. Middle: Coefficients (a4)
σ0
8 obtained from a fit to the σ0-data (black points). For references to the data see Table
4. Bonn Gatchina predictions, truncated at different Lmax (Lmax = 1 is drawn in green, Lmax = 2 in blue, Lmax = 3 in red and
Lmax = 4 in black) are drawn as well. Right: All partial wave interferences for Lmax = 5 are indicated.
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Table 18. Left: Matrices CΣˇ2···5, represented here in the color scheme, defines the coefficient (a5)Σˇ2···5 for an expansion of Σˇ up
to Lmax = 5. Middle: Coefficients (a4)
ΣˇGRAAL
2···5 obtained from a fit to the ΣˇGRAAL-data (black points). For references to the data
see Table 4. Bonn Gatchina predictions, truncated at different Lmax (Lmax = 1 is drawn in green, Lmax = 2 in blue, Lmax = 3
in red and Lmax = 4 in black) are drawn as well. Right: All partial wave interferences for Lmax = 5 are indicated.
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CΣˇ6 ≡
S P D F G H
S
P
D
F
G
H
W [MeV]1400 1600 1800
b/
sr
]
µ
 
 
[
6G
RA
AL
Σ ) 4(a
-0.04
-0.02
0
0.02
0.04
(a5)
Σˇ
6 = 〈P,H〉+ 〈D,G〉
+ 〈F, F 〉+ 〈F,H〉
+ 〈G,G〉+ 〈H,H〉
CΣˇ7 ≡
S P D F G H
S
P
D
F
G
H
W [MeV]1400 1600 1800
b/
sr
]
µ
 
 
[
7G
RA
AL
Σ ) 4(a
-0.01
0
0.01
(a5)
Σˇ
7 = 〈D,H〉+ 〈F,G〉
+ 〈G,H〉
CΣˇ8 ≡
S P D F G H
S
P
D
F
G
H
W [MeV]1400 1600 1800
b/
sr
]
µ
 
 
[
8G
RA
AL
Σ ) 4(a
-0.01
0
0.01
(a5)
Σˇ
8 = 〈F,H〉+ 〈G,G〉
+ 〈H,H〉
CΣˇ9 ≡
S P D F G H
S
P
D
F
G
H
(a5)
Σˇ
9 = 〈G,H〉
Table 19. Left: Matrices CΣˇ6···9, represented here in the color scheme, defines the coefficient (a5)Σˇ6···9 for an expansion of Σˇ up
to Lmax = 5. Middle: Coefficients (a4)
ΣˇGRAAL
6···8 obtained from a fit to the ΣˇGRAAL-data (black points). For references to the data
see Table 4. Bonn Gatchina predictions, truncated at different Lmax (Lmax = 1 is drawn in green, Lmax = 2 in blue, Lmax = 3
in red and Lmax = 4 in black) are drawn as well. Right: All partial wave interferences for Lmax = 5 are indicated.
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CΣˇ10 ≡
S P D F G H
S
P
D
F
G
H
(a5)
Σˇ
10 = 〈H,H〉
Table 20. Left: Matrix CΣˇ10, represented here in the color scheme, defines the coefficient (a5)Σˇ10 for an expansion of Σˇ up to
Lmax = 5. Right: All partial wave interferences for Lmax = 5 are indicated.
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CΣˇ2 ≡
S P D F G H
S
P
D
F
G
H
W [MeV]1800 1900 2000
b/
sr
]
µ
 
 
[
2C
LA
S
Σ ) 4(a
0.05
0.1
0.15
(a5)
Σˇ
2 = 〈S,D〉+ 〈P, P 〉
+ 〈P, F 〉+ 〈D,D〉
+ 〈D,G〉+ 〈F, F 〉
+ 〈F,H〉+ 〈G,G〉
+ 〈H,H〉
CΣˇ3 ≡
S P D F G H
S
P
D
F
G
H
W [MeV]1800 1900 2000
b/
sr
]
µ
 
 
[
3C
LA
S
Σ ) 4(a
0
0.1
0.2
(a5)
Σˇ
3 = 〈S, F 〉+ 〈P,D〉
+ 〈P,G〉+ 〈D,F 〉
+ 〈D,H〉+ 〈F,G〉
+ 〈G,H〉
CΣˇ4 ≡
S P D F G H
S
P
D
F
G
H
W [MeV]1800 1900 2000
b/
sr
]
µ
 
 
[
4C
LA
S
Σ ) 4(a
0.04
0.06 (a5)Σˇ4 = 〈S,G〉+ 〈P, F 〉
+ 〈P,H〉+ 〈D,D〉
+ 〈D,G〉+ 〈F, F 〉
+ 〈F,H〉+ 〈G,G〉
+ 〈H,H〉
CΣˇ5 ≡
S P D F G H
S
P
D
F
G
H
W [MeV]1800 1900 2000
b/
sr
]
µ
 
 
[
5C
LA
S
Σ ) 4(a
0
0.01
0.02
(a5)
Σˇ
5 = 〈S,H〉+ 〈P,G〉
+ 〈D,F 〉+ 〈D,H〉
+ 〈F,G〉+ 〈G,H〉
Table 21. Left: Matrices CΣˇ2···5, represented here in the color scheme, defines the coefficient (a5)Σˇ2···5 for an expansion of Σˇ up
to Lmax = 5. Middle: Coefficients (a4)
ΣˇCLAS
2···5 obtained from a fit to the ΣˇCLAS-data (black points). For references to the data
see Table 4. Bonn Gatchina predictions, truncated at different Lmax (Lmax = 1 is drawn in green, Lmax = 2 in blue, Lmax = 3
in red and Lmax = 4 in black) are drawn as well. Right: All partial wave interferences for Lmax = 5 are indicated.
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CΣˇ6 ≡
S P D F G H
S
P
D
F
G
H
W [MeV]1800 1900 2000
b/
sr
]
µ
 
 
[
6C
LA
S
Σ ) 4(a
0
0.01
0.02
0.03
(a5)
Σˇ
6 = 〈P,H〉+ 〈D,G〉
+ 〈F, F 〉+ 〈F,H〉
+ 〈G,G〉+ 〈H,H〉
CΣˇ7 ≡
S P D F G H
S
P
D
F
G
H
W [MeV]1800 1900 2000
b/
sr
]
µ
 
 
[
7C
LA
S
Σ ) 4(a
0.003
0.004
0.005
0.006
(a5)
Σˇ
7 = 〈D,H〉+ 〈F,G〉
+ 〈G,H〉
CΣˇ8 ≡
S P D F G H
S
P
D
F
G
H
W [MeV]1800 1900 2000
b/
sr
]
µ
 
 
[
8C
LA
S
Σ ) 4(a
0
0.001
0.002
(a5)
Σˇ
8 = 〈F,H〉+ 〈G,G〉
+ 〈H,H〉
CΣˇ9 ≡
S P D F G H
S
P
D
F
G
H
(a5)
Σˇ
9 = 〈G,H〉
Table 22. Left: Matrices CΣˇ6···9, represented here in the color scheme, defines the coefficient (a5)Σˇ6···9 for an expansion of Σˇ up
to Lmax = 5. Middle: Coefficients (a4)
ΣˇCLAS
6···8 obtained from a fit to the ΣˇCLAS-data (black points). For references to the data
see Table 4. Bonn Gatchina predictions, truncated at different Lmax (Lmax = 1 is drawn in green, Lmax = 2 in blue, Lmax = 3
in red and Lmax = 4 in black) are drawn as well. Right: All partial wave interferences for Lmax = 5 are indicated.
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CTˇ1 ≡
S P D F G H
S
P
D
F
G
H
W [MeV]1600 1800 2000
b/
sr
]
µ
 
 
[
1T ) 3(a
2−
1.5−
1−
0.5−
0
(a5)
Tˇ
1 = 〈S, P 〉+ 〈P,D〉
+ 〈D,F 〉+ 〈F,G〉
+ 〈G,H〉
CTˇ2 ≡
S P D F G H
S
P
D
F
G
H
W [MeV]1600 1800 2000
b/
sr
]
µ
 
 
[
2T ) 3(a
0
0.5
1
(a5)
Tˇ
2 = 〈S,D〉+ 〈P, P 〉
+ 〈P, F 〉+ 〈D,D〉
+ 〈D,G〉+ 〈F, F 〉
+ 〈F,H〉+ 〈G,G〉
+ 〈H,H〉
CTˇ3 ≡
S P D F G H
S
P
D
F
G
H
W [MeV]1600 1800 2000
b/
sr
]
µ
 
 
[
3T ) 3(a
0
0.5
1
(a5)
Tˇ
3 = 〈S, F 〉+ 〈P,D〉
+ 〈P,G〉+ 〈D,F 〉
+ 〈D,H〉+ 〈F,G〉
+ 〈G,H〉
CTˇ4 ≡
S P D F G H
S
P
D
F
G
H
W [MeV]1600 1800 2000
b/
sr
]
µ
 
 
[
4T ) 3(a
0.2−
0
0.2
0.4
0.6
(a5)
Tˇ
4 = 〈S,G〉+ 〈P, F 〉
+ 〈P,H〉+ 〈D,D〉
+ 〈D,G〉+ 〈F, F 〉
+ 〈F,H〉+ 〈G,G〉
+ 〈H,H〉
Table 23. Left: Matrices CTˇ1···4, represented here in the color scheme, defines the coefficient (a5)Tˇ1···4 for an expansion of Tˇ up
to Lmax = 5. Middle: Coefficients (a3)
Tˇ
1···4 obtained from a fit to the Tˇ -data (black points). For references to the data see Table
4. Bonn Gatchina predictions, truncated at different Lmax (Lmax = 1 is drawn in green, Lmax = 2 in blue, Lmax = 3 in red and
Lmax = 4 in black) are drawn as well. Right: All partial wave interferences for Lmax = 5 are indicated.
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CTˇ5 ≡
S P D F G H
S
P
D
F
G
H
W [MeV]1600 1800 2000
b/
sr
]
µ
 
 
[
5T ) 3(a
0.2−
0
0.2
(a5)
Tˇ
5 = 〈S,H〉+ 〈P,G〉
+ 〈D,F 〉+ 〈D,H〉
+ 〈F,G〉+ 〈G,H〉
CTˇ6 ≡
S P D F G H
S
P
D
F
G
H
W [MeV]1600 1800 2000
b/
sr
]
µ
 
 
[
6T ) 3(a
0.2−
0.1−
0
0.1
(a5)
Tˇ
6 = 〈P,H〉+ 〈D,G〉
+ 〈F, F 〉+ 〈F,H〉
+ 〈G,G〉+ 〈H,H〉
CTˇ7 ≡
S P D F G H
S
P
D
F
G
H
(a5)
Tˇ
7 = 〈D,H〉+ 〈F,G〉
+ 〈G,H〉
CTˇ8 ≡
S P D F G H
S
P
D
F
G
H
(a5)
Tˇ
8 = 〈F,H〉+ 〈G,G〉
+ 〈H,H〉
Table 24. Left: Matrices CTˇ5···8, represented here in the color scheme, defines the coefficient (a5)Tˇ5···8 for an expansion of Tˇ up
to Lmax = 5. Middle: Coefficients (a3)
Tˇ
5,6 obtained from a fit to the Tˇ -data (black points). For references to the data see Table
4. Bonn Gatchina predictions, truncated at different Lmax (Lmax = 1 is drawn in green, Lmax = 2 in blue, Lmax = 3 in red and
Lmax = 4 in black) are drawn as well. Right: All partial wave interferences for Lmax = 5 are indicated.
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CTˇ9 ≡
S P D F G H
S
P
D
F
G
H
(a5)
Tˇ
9 = 〈G,H〉
CTˇ10 ≡
S P D F G H
S
P
D
F
G
H
(a5)
Tˇ
10 = 〈H,H〉
Table 25. Left: Matrices CTˇ9,10, represented here in the color scheme, defines the coefficient (a5)Tˇ9,10 for an expansion of Tˇ up
to Lmax = 5. Right: All partial wave interferences for Lmax = 5 are indicated.
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CPˇ1 ≡
S P D F G H
S
P
D
F
G
H
W [MeV]1500 1550 1600
b/
sr
]
µ
 
 
[
1P ) 2(a
2−
1−
0
(a5)
Pˇ
1 = 〈S, P 〉+ 〈P,D〉
+ 〈D,F 〉+ 〈F,G〉
+ 〈G,H〉
CPˇ2 ≡
S P D F G H
S
P
D
F
G
H
W [MeV]1500 1550 1600
b/
sr
]
µ
 
 
[
2P ) 2(a
0.2
0.4
0.6
0.8
1
(a5)
Pˇ
2 = 〈S,D〉+ 〈P, P 〉
+ 〈P, F 〉+ 〈D,D〉
+ 〈D,G〉+ 〈F, F 〉
+ 〈F,H〉+ 〈G,G〉
+ 〈H,H〉
CPˇ3 ≡
S P D F G H
S
P
D
F
G
H
W [MeV]1500 1550 1600
b/
sr
]
µ
 
 
[
3P ) 2(a
0
0.2
0.4
0.6
0.8
(a5)
Pˇ
3 = 〈S, F 〉+ 〈P,D〉
+ 〈P,G〉+ 〈D,F 〉
+ 〈D,H〉+ 〈F,G〉
+ 〈G,H〉
CPˇ4 ≡
S P D F G H
S
P
D
F
G
H
W [MeV]1500 1550 1600
b/
sr
]
µ
 
 
[
4P ) 2(a
0
0.1
0.2
(a5)
Pˇ
4 = 〈S,G〉+ 〈P, F 〉
+ 〈P,H〉+ 〈D,D〉
+ 〈D,G〉+ 〈F, F 〉
+ 〈F,H〉+ 〈G,G〉
+ 〈H,H〉
Table 26. Left: Matrices CPˇ1···4, represented here in the color scheme, defines the coefficient (a5)Pˇ1···4 for an expansion of Pˇ up
to Lmax = 5. Middle: Coefficients (a2)
Pˇ
1···4 obtained from a fit to the Pˇ -data (black points). For references to the data see Table
4. Bonn Gatchina predictions, truncated at different Lmax (Lmax = 1 is drawn in green, Lmax = 2 in blue, Lmax = 3 in red and
Lmax = 4 in black) are drawn as well. Right: All partial wave interferences for Lmax = 5 are indicated.
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CPˇ5 ≡
S P D F G H
S
P
D
F
G
H
(a5)
Pˇ
5 = 〈S,H〉+ 〈P,G〉
+ 〈D,F 〉+ 〈D,H〉
+ 〈F,G〉+ 〈G,H〉
CPˇ6 ≡
S P D F G H
S
P
D
F
G
H
(a5)
Pˇ
6 = 〈P,H〉+ 〈D,G〉
+ 〈F, F 〉+ 〈F,H〉
+ 〈G,G〉+ 〈H,H〉
CPˇ7 ≡
S P D F G H
S
P
D
F
G
H
(a5)
Pˇ
7 = 〈D,H〉+ 〈F,G〉
+ 〈G,H〉
CPˇ8 ≡
S P D F G H
S
P
D
F
G
H
(a5)
Pˇ
8 = 〈F,H〉+ 〈G,G〉
+ 〈H,H〉
Table 27. Left: Matrices CPˇ5···8, represented here in the color scheme, defines the coefficient (a5)Pˇ5···8 for an expansion of Pˇ up
to Lmax = 5. Right: All partial wave interferences for Lmax = 5 are indicated.
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CPˇ9 ≡
S P D F G H
S
P
D
F
G
H
(a5)
Pˇ
9 = 〈G,H〉
CPˇ10 ≡
S P D F G H
S
P
D
F
G
H
(a5)
Pˇ
10 = 〈H,H〉
Table 28. Left: Matrices CPˇ9,10, represented here in the color scheme, defines the coefficient (a5)Pˇ9,10 for an expansion of Pˇ up
to Lmax = 5. Right: All partial wave interferences for Lmax = 5 are indicated.
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CEˇ0 ≡
S P D F G H
S
P
D
F
G
H
W [MeV]1600 1800 2000 2200
b/
sr
]
µ
 
[
0E ) 3(a
-1
0
1
(a5)
Eˇ
0 = 〈S, S〉+ 〈P, P 〉
+ 〈D,D〉+ 〈F, F 〉
+ 〈G,G〉+ 〈H,H〉
CEˇ1 ≡
S P D F G H
S
P
D
F
G
H
W [MeV]
1600 1800 2000 2200
b/
sr
]
µ[
1E ) 3
(a
-2
-1
0
1
(a5)
Eˇ
1 = 〈S, P 〉+ 〈P,D〉
+ 〈D,F 〉+ 〈F,G〉
+ 〈G,H〉
CEˇ2 ≡
S P D F G H
S
P
D
F
G
H
W [MeV]
1600 1800 2000 2200
b/
sr
]
µ[
2E ) 3
(a
-2
0
2
(a5)
Eˇ
2 = 〈P, P 〉+ 〈S,D〉
+ 〈D,D〉+ 〈P, F 〉
+ 〈F, F 〉+ 〈D,G〉
+ 〈G,G〉+ 〈F,H〉
+ 〈H,H〉
CEˇ3 ≡
S P D F G H
S
P
D
F
G
H
W [MeV]
1600 1800 2000 2200
b/
sr
]
µ[
3E ) 3
(a
-2
0
2
(a5)
Eˇ
3 = 〈P,D〉+ 〈S, F 〉
+ 〈D,F 〉+ 〈P,G〉
+ 〈F,G〉+ 〈D,H〉
+ 〈G,H〉
Table 29. Left: Matrices CEˇ0···3, represented here in the color scheme, defines the coefficient (a5)Eˇ0···3 for an expansion of Eˇ up
to Lmax = 5. Middle: Coefficients (a3)
Eˇ
0···3 obtained from a fit to the Eˇ-data (black points). For references to the data see Table
4. Bonn Gatchina predictions, truncated at different Lmax (Lmax = 1 is drawn in green, Lmax = 2 in blue, Lmax = 3 in red and
Lmax = 4 in black) are drawn as well. Right: All partial wave interferences for Lmax = 5 are indicated.
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CEˇ4 ≡
S P D F G H
S
P
D
F
G
H
W [MeV]
1600 1800 2000 2200
b/
sr
]
µ[
4E ) 3
(a
-2
0
2
(a5)
Eˇ
4 = 〈D,D〉+ 〈P, F 〉
+ 〈F, F 〉+ 〈S,G〉
+ 〈D,G〉+ 〈G,G〉
+ 〈P,H〉+ 〈F,H〉
+ 〈H,H〉
CEˇ5 ≡
S P D F G H
S
P
D
F
G
H
W [MeV]
1600 1800 2000 2200
b/
sr
]
µ[
5E ) 3
(a
-2
-1
0
(a5)
Eˇ
5 = 〈D,F 〉+ 〈P,G〉
+ 〈F,G〉+ 〈S,H〉
+ 〈D,H〉+ 〈G,H〉
CEˇ6 ≡
S P D F G H
S
P
D
F
G
H
W [MeV]
1600 1800 2000 2200
b/
sr
]
µ[
6E ) 3
(a
-1
-0.5
0
0.5
1
(a5)
Eˇ
6 = 〈F, F 〉+ 〈D,G〉
+ 〈G,G〉+ 〈P,H〉
+ 〈F,H〉+ 〈H,H〉
CEˇ7 ≡
S P D F G H
S
P
D
F
G
H
(a5)
Eˇ
7 = 〈F,G〉+ 〈D,H〉
+ 〈G,H〉
Table 30. Left: Matrices CEˇ4···7, represented here in the color scheme, defines the coefficient (a5)Eˇ4···7 for an expansion of Eˇ up
to Lmax = 5. Middle: Coefficients (a3)
Eˇ
4···6 obtained from a fit to the Eˇ-data (black points). For references to the data see Table
4. Bonn Gatchina predictions, truncated at different Lmax (Lmax = 1 is drawn in green, Lmax = 2 in blue, Lmax = 3 in red and
Lmax = 4 in black) are drawn as well. Right: All partial wave interferences for Lmax = 5 are indicated.
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CEˇ8 ≡
S P D F G H
S
P
D
F
G
H
(a5)
Eˇ
8 = 〈G,G〉+ 〈F,H〉
+ 〈H,H〉
CEˇ9 ≡
S P D F G H
S
P
D
F
G
H
(a5)
Eˇ
9 = 〈G,H〉
CEˇ10 ≡
S P D F G H
S
P
D
F
G
H
(a5)
Eˇ
10 = 〈H,H〉
Table 31. Left: Matrices CEˇ8···10, represented here in the color scheme, defines the coefficient (a5)Eˇ8···10 for an expansion of Eˇ up
to Lmax = 5. Right: All partial wave interferences for Lmax = 5 are indicated.
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Cσ3/22 ≡
S P D F G H
S
P
D
F
G
H
W [MeV]1600 1800 2000 2200
b/
sr
]
µ
 
[
23
/2
σ ) 3(a
0
0.5
1
1.5
(a5)
σ3/2
2 = 〈P, P 〉+ 〈D,D〉
+ 〈P, F 〉+ 〈F, F 〉
+ 〈D,G〉+ 〈G,G〉
+ 〈F,H〉+ 〈H,H〉
Cσ3/23 ≡
S P D F G H
S
P
D
F
G
H
W [MeV]1600 1800 2000 2200
b/
sr
]
µ
 
[
33
/2
σ ) 3(a
-0.2
0
(a5)
σ3/2
3 = 〈P,D〉+ 〈D,F 〉
+ 〈P,G〉+ 〈F,G〉
+ 〈D,H〉+ 〈G,H〉
Cσ3/24 ≡
S P D F G H
S
P
D
F
G
H
W [MeV]1600 1800 2000 2200
b/
sr
]
µ
 
[
43
/2
σ ) 3(a
-0.1
0
0.1
0.2
(a5)
σ3/2
4 = 〈D,D〉+ 〈P, F 〉
+ 〈F, F 〉+ 〈D,G〉
+ 〈G,G〉+ 〈P,H〉
+ 〈F,H〉+ 〈H,H〉
Cσ3/25 ≡
S P D F G H
S
P
D
F
G
H
W [MeV]1600 1800 2000 2200
b/
sr
]
µ
 
[
53
/2
σ ) 3(a
-0.02
0
0.02
0.04
(a5)
σ3/2
5 = 〈D,F 〉+ 〈P,G〉
+ 〈F,G〉+ 〈D,H〉
+ 〈G,H〉
Table 32. Left: Matrices Cσ3/22···5 , represented here in the color scheme, defines the coefficient (a5)
σ3/2
2···5 for an expansion of σ3/2
up to Lmax = 5. Middle: Coefficients (a3)
σ3/2
2···5 obtained from a fit to the σ3/2-data (black points). For references to the data see
Table 4. Bonn Gatchina predictions, truncated at different Lmax (Lmax = 1 is drawn in green, Lmax = 2 in blue, Lmax = 3 in
red and Lmax = 4 in black) are drawn as well. Right: All partial wave interferences for Lmax = 5 are indicated.
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Cσ3/26 ≡
S P D F G H
S
P
D
F
G
H
W [MeV]1600 1800 2000 2200
b/
sr
]
µ
 
[
63
/2
σ ) 3(a
0
0.02
0.04
(a5)
σ3/2
6 = 〈F, F 〉+ 〈D,G〉
+ 〈G,G〉+ 〈P,H〉
+ 〈F,H〉+ 〈H,H〉
Cσ3/27 ≡
S P D F G H
S
P
D
F
G
H
(a5)
σ3/2
7 = 〈F,G〉+ 〈D,H〉
+ 〈G,H〉
Cσ3/28 ≡
S P D F G H
S
P
D
F
G
H
(a5)
σ3/2
8 = 〈G,G〉+ 〈F,H〉
+ 〈H,H〉
Cσ3/29 ≡
S P D F G H
S
P
D
F
G
H
(a5)
σ3/2
9 = 〈G,H〉
Table 33. Left: Matrices Cσ3/26···9 , represented here in the color scheme, defines the coefficient (a5)
σ3/2
6···9 for an expansion of σ3/2
up to Lmax = 5. Middle: Coefficients (a3)
σ3/2
6 obtained from a fit to the σ3/2-data (black points). For references to the data see
Table 4. Bonn Gatchina predictions, truncated at different Lmax (Lmax = 1 is drawn in green, Lmax = 2 in blue, Lmax = 3 in
red and Lmax = 4 in black) are drawn as well. Right: All partial wave interferences for Lmax = 5 are indicated.
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Cσ3/210 ≡
S P D F G H
S
P
D
F
G
H
(a5)
σ3/2
10 = 〈H,H〉
Table 34. Left: Matrix Cσ3/210 , represented here in the color scheme, defines the coefficient (a5)
σ3/2
10 for an expansion of σ3/2 up
to Lmax = 5. Right: All partial wave interferences for Lmax = 5 are indicated.
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Cσ1/20 ≡
S P D F G H
S
P
D
F
G
H
W [MeV]1600 1800 2000 2200
b/
sr
]
µ
 
[
01
/2
σ ) 3(a
0
1
2
3
4
(a5)
σ1/2
0 = 〈S, S〉+ 〈P, P 〉
+ 〈D,D〉+ 〈F, F 〉
+ 〈G,G〉+ 〈H,H〉
Cσ1/21 ≡
S P D F G H
S
P
D
F
G
H
W [MeV]1600 1800 2000 2200
b/
sr
]
µ
 
[
11
/2
σ ) 3(a
-4
-2
0
2
(a5)
σ1/2
1 = 〈S, P 〉+ 〈P,D〉
+ 〈D,F 〉+ 〈F,G〉
+ 〈G,H〉
Cσ1/22 ≡
S P D F G H
S
P
D
F
G
H
W [MeV]1600 1800 2000 2200
b/
sr
]
µ
 
[
21
/2
σ ) 3(a
-6
-4
-2
0
2
(a5)
σ1/2
2 = 〈P, P 〉+ 〈S,D〉
+ 〈D,D〉+ 〈P, F 〉
+ 〈F, F 〉+ 〈D,G〉
+ 〈G,G〉+ 〈F,H〉
+ 〈H,H〉
Cσ1/23 ≡
S P D F G H
S
P
D
F
G
H
W [MeV]1600 1800 2000 2200
b/
sr
]
µ
 
[
31
/2
σ ) 3(a
-4
-2
0
2
4
(a5)
σ1/2
3 = 〈P,D〉+ 〈S, F 〉
+ 〈D,F 〉+ 〈P,G〉
+ 〈F,G〉+ 〈D,H〉
+ 〈G,H〉
Table 35. Left: Matrices Cσ1/20···3 , represented here in the color scheme, defines the coefficient (a5)
σ1/2
0···3 for an expansion of σ1/2
up to Lmax = 5. Middle: Coefficients (a3)
σ1/2
0···3 obtained from a fit to the σ1/2-data (black points). For references to the data see
Table 4. Bonn Gatchina predictions, truncated at different Lmax (Lmax = 1 is drawn in green, Lmax = 2 in blue, Lmax = 3 in
red and Lmax = 4 in black) are drawn as well. Right: All partial wave interferences for Lmax = 5 are indicated.
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Cσ1/24 ≡
S P D F G H
S
P
D
F
G
H
W [MeV]1600 1800 2000 2200
b/
sr
]
µ
 
[
41
/2
σ ) 3(a
-4
-2
0
2
(a5)
σ1/2
4 = 〈D,D〉+ 〈P, F 〉
+ 〈F, F 〉+ 〈S,G〉
+ 〈D,G〉+ 〈G,G〉
+ 〈P,H〉+ 〈F,H〉
+ 〈H,H〉
Cσ1/25 ≡
S P D F G H
S
P
D
F
G
H
W [MeV]1600 1800 2000 2200
b/
sr
]
µ
 
[
51
/2
σ ) 3(a
-2
0
2
(a5)
σ1/2
5 = 〈D,F 〉+ 〈P,G〉
+ 〈F,G〉+ 〈S,H〉
+ 〈D,H〉+ 〈G,H〉
Cσ1/26 ≡
S P D F G H
S
P
D
F
G
H
W [MeV]1600 1800 2000 2200
b/
sr
]
µ
 
[
61
/2
σ ) 3(a
-1
0
1
(a5)
σ1/2
6 = 〈F, F 〉+ 〈D,G〉
+ 〈G,G〉+ 〈P,H〉
+ 〈F,H〉+ 〈H,H〉
Cσ1/27 ≡
S P D F G H
S
P
D
F
G
H
(a5)
σ1/2
7 = 〈F,G〉+ 〈D,H〉
+ 〈G,H〉
Table 36. Left: Matrices Cσ1/24···7 , represented here in the color scheme, defines the coefficient (a5)
σ1/2
4···7 for an expansion of σ1/2
up to Lmax = 5. Middle: Coefficients (a3)
σ1/2
4,6 obtained from a fit to the σ1/2-data (black points). For references to the data see
Table 4. Bonn Gatchina predictions, truncated at different Lmax (Lmax = 1 is drawn in green, Lmax = 2 in blue, Lmax = 3 in
red and Lmax = 4 in black) are drawn as well. Right: All partial wave interferences for Lmax = 5 are indicated.
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Cσ1/28 ≡
S P D F G H
S
P
D
F
G
H
(a5)
σ1/2
8 = 〈G,G〉+ 〈F,H〉
+ 〈H,H〉
Cσ1/29 ≡
S P D F G H
S
P
D
F
G
H
(a5)
σ1/2
9 = 〈G,H〉
Cσ1/210 ≡
S P D F G H
S
P
D
F
G
H
(a5)
σ1/2
10 = 〈H,H〉
Table 37. Left: Matrices Cσ1/28···10, represented here in the color scheme, defines the coefficient (a5)
σ1/2
8···10 for an expansion of σ1/2
up to Lmax = 5. Right: All partial wave interferences for Lmax = 5 are indicated.
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CGˇ2 ≡
S P D F G H
S
P
D
F
G
H
W [MeV]1500 1600 1700 1800
b/
sr
]
µ
 
 
[
2G ) 3(a
-0.5
0
(a5)
Gˇ
2 = 〈S,D〉+ 〈P, P 〉
+ 〈P, F 〉+ 〈D,D〉
+ 〈D,G〉+ 〈F, F 〉
+ 〈F,H〉+ 〈G,G〉
+ 〈H,H〉
CGˇ3 ≡
S P D F G H
S
P
D
F
G
H
W [MeV]1500 1600 1700 1800
b/
sr
]
µ
 
 
[
3G ) 3(a
0
0.1
0.2
(a5)
Gˇ
3 = 〈S, F 〉+ 〈P,D〉
+ 〈P,G〉+ 〈D,F 〉
+ 〈D,H〉+ 〈F,G〉
+ 〈G,H〉
CGˇ4 ≡
S P D F G H
S
P
D
F
G
H
W [MeV]1500 1600 1700 1800
b/
sr
]
µ
 
 
[
4G ) 3(a
-0.04
-0.02
0
0.02
0.04
(a5)
Gˇ
4 = 〈S,G〉+ 〈P, F 〉
+ 〈P,H〉+ 〈D,D〉
+ 〈D,G〉+ 〈F, F 〉
+ 〈F,H〉+ 〈G,G〉
+ 〈H,H〉
CGˇ5 ≡
S P D F G H
S
P
D
F
G
H
W [MeV]1500 1600 1700 1800
b/
sr
]
µ
 
 
[
5G ) 3(a
-0.02
0
0.02
0.04
(a5)
Gˇ
5 = 〈S,H〉+ 〈P,G〉
+ 〈D,F 〉+ 〈D,H〉
+ 〈F,G〉+ 〈G,H〉
Table 38. Left: Matrices CGˇ2···5, represented here in the color scheme, defines the coefficient (a5)Gˇ2···5 for an expansion of Gˇ up
to Lmax = 5. Middle: Coefficients (a3)
Gˇ
2···5 obtained from a fit to the Gˇ-data (black points). For references to the data see Table
4. Bonn Gatchina predictions, truncated at different Lmax (Lmax = 1 is drawn in green, Lmax = 2 in blue, Lmax = 3 in red and
Lmax = 4 in black) are drawn as well. Right: All partial wave interferences for Lmax = 5 are indicated.
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CGˇ6 ≡
S P D F G H
S
P
D
F
G
H
W [MeV]1500 1600 1700 1800
b/
sr
]
µ
 
 
[
6G ) 3(a
-0.02
-0.01
0
0.01
(a5)
Gˇ
6 = 〈P,H〉+ 〈D,G〉
+ 〈F, F 〉+ 〈F,H〉
+ 〈G,G〉+ 〈H,H〉
CGˇ7 ≡
S P D F G H
S
P
D
F
G
H
(a5)
Gˇ
7 = 〈D,H〉+ 〈F,G〉
+ 〈G,H〉
CGˇ8 ≡
S P D F G H
S
P
D
F
G
H
(a5)
Gˇ
8 = 〈F,H〉+ 〈G,G〉
+ 〈H,H〉
CGˇ9 ≡
S P D F G H
S
P
D
F
G
H
(a5)
Gˇ
9 = 〈G,H〉
Table 39. Left: Matrices CGˇ6···9, represented here in the color scheme, defines the coefficient (a5)Gˇ6···9 for an expansion of Gˇ up
to Lmax = 5. Middle: Coefficients (a4)
Gˇ
6···8 obtained from a fit to the Gˇ-data (black points). For references to the data see Table
4. Bonn Gatchina predictions, truncated at different Lmax (Lmax = 1 is drawn in green, Lmax = 2 in blue, Lmax = 3 in red and
Lmax = 4 in black) are drawn as well. Right: All partial wave interferences for Lmax = 5 are indicated.
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CGˇ9 ≡
S P D F G H
S
P
D
F
G
H
(a5)
Gˇ
9 = 〈H,H〉
Table 40. Left: Matrix CGˇ9 , represented here in the color scheme, defines the coefficient (a5)Gˇ9 for an expansion of Gˇ up to
Lmax = 5. Right: All partial wave interferences for Lmax = 5 are indicated.
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CHˇ1 ≡
S P D F G H
S
P
D
F
G
H
W [MeV]1500 1550 1600
b/
sr
]
µ
 
 
[
1H ) 1(a
0
0.2
0.4
0.6
(a5)
Hˇ
1 = 〈S, P 〉+ 〈P,D〉
+ 〈D,F 〉+ 〈F,G〉
+ 〈G,H〉
CHˇ2 ≡
S P D F G H
S
P
D
F
G
H
W [MeV]1500 1550 1600
b/
sr
]
µ
 
 
[
2H ) 1(a
0.4
0.6
0.8
1
(a5)
Hˇ
2 = 〈S,D〉+ 〈P, P 〉
+ 〈P, F 〉+ 〈D,D〉
+ 〈D,G〉+ 〈F, F 〉
+ 〈F,H〉+ 〈G,G〉
+ 〈H,H〉
CHˇ3 ≡
S P D F G H
S
P
D
F
G
H
(a5)
Hˇ
3 = 〈S, F 〉+ 〈P,D〉
+ 〈P,G〉+ 〈D,F 〉
+ 〈D,H〉+ 〈F,G〉
+ 〈G,H〉
CHˇ4 ≡
S P D F G H
S
P
D
F
G
H
(a5)
Hˇ
4 = 〈S,G〉+ 〈P, F 〉
+ 〈P,H〉+ 〈D,D〉
+ 〈D,G〉+ 〈F, F 〉
+ 〈F,H〉+ 〈G,G〉
+ 〈H,H〉
Table 41. Left: Matrices CHˇ1···4, represented here in the color scheme, defines the coefficient (a5)Hˇ1···4 for an expansion of Hˇ up
to Lmax = 5. Middle: Coefficients (a1)
Hˇ
1,2 obtained from a fit to the Hˇ-data (black points). For references to the data see Table
4. Bonn Gatchina predictions, truncated at different Lmax (Lmax = 1 is drawn in green, Lmax = 2 in blue, Lmax = 3 in red and
Lmax = 4 in black) are drawn as well. Right: All partial wave interferences for Lmax = 5 are indicated.
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CHˇ5 ≡
S P D F G H
S
P
D
F
G
H
(a5)
Hˇ
5 = 〈S,H〉+ 〈P,G〉
+ 〈D,F 〉+ 〈D,H〉
+ 〈F,G〉+ 〈G,H〉
CHˇ6 ≡
S P D F G H
S
P
D
F
G
H
(a5)
Hˇ
6 = 〈P,H〉+ 〈D,G〉
+ 〈F, F 〉+ 〈F,H〉
+ 〈G,G〉+ 〈H,H〉
CHˇ7 ≡
S P D F G H
S
P
D
F
G
H
(a5)
Hˇ
7 = 〈D,H〉+ 〈F,G〉
+ 〈G,H〉
CHˇ8 ≡
S P D F G H
S
P
D
F
G
H
(a5)
Hˇ
8 = 〈F,H〉+ 〈G,G〉
+ 〈H,H〉
Table 42. Left: Matrices CHˇ5···8, represented here in the color scheme, defines the coefficient (a5)Hˇ5···8 for an expansion of Hˇ up
to Lmax = 5. Right: All partial wave interferences for Lmax = 5 are indicated.
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CHˇ9 ≡
S P D F G H
S
P
D
F
G
H
(a5)
Hˇ
9 = 〈G,H〉
CHˇ10 ≡
S P D F G H
S
P
D
F
G
H
(a5)
Hˇ
10 = 〈H,H〉
Table 43. Left: Matrices CHˇ9,10, represented here in the color scheme, defines the coefficient (a5)Hˇ9,10 for an expansion of Hˇ up
to Lmax = 5. Right: All partial wave interferences for Lmax = 5 are indicated.
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CFˇ1 ≡
S P D F G H
S
P
D
F
G
H
W [MeV]1400 1600 1800
b/
sr
]
µ
 
 
[
1F ) 3(a
2−
1−
0
1
(a5)
Fˇ
1 = 〈S, P 〉+ 〈P,D〉
+ 〈D,F 〉+ 〈F,G〉
+ 〈G,H〉
CFˇ2 ≡
S P D F G H
S
P
D
F
G
H
W [MeV]1400 1600 1800
b/
sr
]
µ
 
 
[
2F ) 3(a
2−
1−
0
(a5)
Fˇ
2 = 〈S,D〉+ 〈P, P 〉
+ 〈P, F 〉+ 〈D,D〉
+ 〈D,G〉+ 〈F, F 〉
+ 〈F,H〉+ 〈G,G〉
+ 〈H,H〉
CFˇ3 ≡
S P D F G H
S
P
D
F
G
H
W [MeV]1400 1600 1800
b/
sr
]
µ
 
 
[
3F ) 3(a
1−
0.5−
0
0.5
(a5)
Fˇ
3 = 〈S, F 〉+ 〈P,D〉
+ 〈P,G〉+ 〈D,F 〉
+ 〈D,H〉+ 〈F,G〉
+ 〈G,H〉
CFˇ4 ≡
S P D F G H
S
P
D
F
G
H
W [MeV]1400 1600 1800
b/
sr
]
µ
 
 
[
4F ) 3(a
0.5−
0
0.5
(a5)
Fˇ
4 = 〈S,G〉+ 〈P, F 〉
+ 〈P,H〉+ 〈D,D〉
+ 〈D,G〉+ 〈F, F 〉
+ 〈F,H〉+ 〈G,G〉
+ 〈H,H〉
Table 44. Left: Matrices CFˇ1···4, represented here in the color scheme, defines the coefficient (a5)Fˇ1···4 for an expansion of Fˇ up
to Lmax = 5. Middle: Coefficients (a3)
Fˇ
1···4 obtained from a fit to the Fˇ -data (black points). For references to the data see Table
4. Bonn Gatchina predictions, truncated at different Lmax (Lmax = 1 is drawn in green, Lmax = 2 in blue, Lmax = 3 in red and
Lmax = 4 in black) are drawn as well. Right: All partial wave interferences for Lmax = 5 are indicated.
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CFˇ5 ≡
S P D F G H
S
P
D
F
G
H
W [MeV]1400 1600 1800
b/
sr
]
µ
 
 
[
5F ) 3(a
0.4−
0.2−
0
0.2
(a5)
Fˇ
5 = 〈S,H〉+ 〈P,G〉
+ 〈D,F 〉+ 〈D,H〉
+ 〈F,G〉+ 〈G,H〉
CFˇ6 ≡
S P D F G H
S
P
D
F
G
H
W [MeV]1400 1600 1800
b/
sr
]
µ
 
 
[
6F ) 3(a
0
0.2
(a5)
Fˇ
6 = 〈P,H〉+ 〈D,G〉
+ 〈F, F 〉+ 〈F,H〉
+ 〈G,G〉+ 〈H,H〉
CFˇ7 ≡
S P D F G H
S
P
D
F
G
H
(a5)
Fˇ
7 = 〈D,H〉+ 〈F,G〉
+ 〈G,H〉
CFˇ8 ≡
S P D F G H
S
P
D
F
G
H
(a5)
Fˇ
8 = 〈F,H〉+ 〈G,G〉
+ 〈H,H〉
Table 45. Left: Matrices CFˇ5···8, represented here in the color scheme, defines the coefficient (a5)Fˇ5···8 for an expansion of Fˇ up
to Lmax = 5. Middle: Coefficients (a3)
Fˇ
5,6 obtained from a fit to the Fˇ -data (black points). For references to the data see Table
4. Bonn Gatchina predictions, truncated at different Lmax (Lmax = 1 is drawn in green, Lmax = 2 in blue, Lmax = 3 in red and
Lmax = 4 in black) are drawn as well. Right: All partial wave interferences for Lmax = 5 are indicated.
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CFˇ9 ≡
S P D F G H
S
P
D
F
G
H
(a5)
Fˇ
9 = 〈G,H〉
CFˇ10 ≡
S P D F G H
S
P
D
F
G
H
(a5)
Fˇ
10 = 〈H,H〉
Table 46. Left: Matrices CFˇ9,10, represented here in the color scheme, defines the coefficient (a5)Fˇ9,10 for an expansion of Fˇ up
to Lmax = 5. Right: All partial wave interferences for Lmax = 5 are indicated.
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Resonance Status Partial wave `pi I J P M∗BW [MeV] ΓBW [MeV] Multipoles
N (939) 1
2
+ ∗ ∗ ∗∗ P11 1 1/2 1/2 + 939 - M(1/2)1−
∆ (1232) 3
2
+ ∗ ∗ ∗∗ P33 1 3/2 3/2 + 1232 117 E(3/2)1+ , M(3/2)1+
N (1440) 1
2
+ ∗ ∗ ∗∗ P11 1 1/2 1/2 + 1430 350 M(1/2)1−
N (1520) 3
2
− ∗ ∗ ∗∗ D13 2 1/2 3/2 − 1515 115 E(1/2)2− , M(1/2)2−
N (1535) 1
2
− ∗ ∗ ∗∗ S11 0 1/2 1/2 − 1535 150 E(1/2)0+
∆ (1600) 3
2
+ ∗ ∗ ∗ P33 1 3/2 3/2 + 1600 320 E(3/2)1+ , M(3/2)1+
∆ (1620) 1
2
− ∗ ∗ ∗∗ S31 0 3/2 1/2 − 1630 140 E(3/2)0+
N (1650) 1
2
− ∗ ∗ ∗∗ S11 0 1/2 1/2 − 1655 140 E(1/2)0+
N (1675) 5
2
− ∗ ∗ ∗∗ D15 2 1/2 5/2 − 1675 150 E(1/2)2+ ,M(1/2)2+
N (1680) 5
2
+ ∗ ∗ ∗∗ F15 3 1/2 5/2 + 1685 130 E(1/2)3− ,M(1/2)3−
N (1685) ?? ∗ ? ? ? ? ? ? ? ?
N (1700) 3
2
− ∗ ∗ ∗ D13 2 1/2 3/2 − 1700 150 E(1/2)2− ,M(1/2)2−
∆ (1700) 3
2
− ∗ ∗ ∗∗ D33 2 3/2 3/2 − 1700 300 E(3/2)2− ,M(3/2)2−
N (1710) 1
2
+ ∗ ∗ ∗ P11 1 1/2 1/2 + 1710 100 M(1/2)1−
N (1720) 3
2
+ ∗ ∗ ∗∗ P13 1 1/2 3/2 + 1720 250 E(1/2)1+ , M(1/2)1+
∆ (1750) 1
2
+ ∗ P31 1 3/2 1/2 + 1750 ? M(3/2)1−
N (1860) 5
2
+ ∗∗ F15 3 1/2 5/2 + 1860 ? E(1/2)3− , M(1/2)3−
N (1875) 3
2
− ∗ ∗ ∗ D13 2 1/2 3/2 − 1875 ? E(1/2)2− , M(1/2)2−
N (1880) 1
2
+ ∗∗ P11 1 1/2 1/2 + ? ? E(1/2)1− , M(1/2)1−
N (1895) 1
2
− ∗∗ S11 0 1/2 1/2 − ? ? E(1/2)0+
N (1900) 3
2
+ ∗ ∗ ∗ P13 1 1/2 3/2 + 1900 250 E(1/2)1+ , M(1/2)1+
∆ (1900) 1
2
− ∗∗ S31 0 3/2 1/2 − 1860 ? E(3/2)0+
∆ (1905) 5
2
+ ∗ ∗ ∗∗ F35 3 3/2 5/2 + 1880 330 E(3/2)3− ,M(3/2)3−
∆ (1910) 1
2
+ ∗ ∗ ∗∗ P31 1 3/2 1/2 + 1890 280 M(3/2)1−
∆ (1920) 3
2
+ ∗ ∗ ∗ P33 1 3/2 3/2 + 1920 260 E(3/2)1+ , M(3/2)1+
∆ (1930) 5
2
− ∗ ∗ ∗ D35 2 3/2 5/2 − 1950 360 E(3/2)2+ ,M(3/2)2+
∆ (1940) 3
2
− ∗∗ D33 2 3/2 3/2 − 2000 ? E(3/2)2− ,M(3/2)2−
∆ (1950) 7
2
+ ∗ ∗ ∗∗ F37 3 3/2 7/2 + 1930 285 E(3/2)3+ ,M(3/2)3+
N (1990) 7
2
+ ∗∗ F17 3 1/2 7/2 + 1990 ? E(1/2)3+ ,M(1/2)3+
N (2000) 5
2
+ ∗∗ F15 3 1/2 5/2 + 2050 ? E(1/2)3− ,M(1/2)3−
∆ (2000) 5
2
+ ∗∗ F35 3 3/2 5/2 + 2000 ? E(3/2)3− ,M(3/2)3−
N (2040) 3
2
+ ∗ P13 1 1/2 3/2 + 2052 191 E(1/2)1+ ,M(1/2)1+
N (2060) 5
2
− ∗∗ D15 2 1/2 5/2 − 2060 ? E(1/2)2− ,M(1/2)2−
N (2100) 1
2
+ ∗ P11 1 1/2 1/2 + 2100 ? M(1/2)1−
N (2120) 3
2
− ∗∗ D13 2 1/2 3/2 − 2120 ? E(1/2)2− , M(1/2)2−
∆ (2150) 1
2
− ∗ S31 0 3/2 1/2 − 2150 ? E(3/2)0+
N (2190) 7
2
− ∗ ∗ ∗∗ G17 4 1/2 7/2 − 2190 500 E(1/2)4− ,M(1/2)4−
∆ (2200) 7
2
− ∗ G37 4 3/2 7/2 − 2200 ? E(3/2)4− ,M(3/2)4−
N (2220) 9
2
+ ∗ ∗ ∗∗ H19 5 1/2 9/2 + 2250 400 E(1/2)5− ,M(1/2)5−
N (2250) 9
2
− ∗ ∗ ∗∗ G19 4 1/2 9/2 − 2275 500 E(1/2)4+ ,M(1/2)4+
∆ (2300) 9
2
+ ∗∗ H39 5 3/2 9/2 + 2300 ? E(3/2)5− ,M(3/2)5−
∆ (2350) 5
2
− ∗ D35 2 3/2 5/2 − 2350 ? E(3/2)2+ ,M(3/2)2+
∆ (2390) 7
2
+ ∗ F37 3 3/2 7/2 + 2390 ? E(3/2)3+ ,M(3/2)3+
∆ (2400) 9
2
− ∗∗ G39 4 3/2 9/2 − 2400 ? E(3/2)4+ ,M(3/2)4+
∆ (2420) 11
2
+ ∗ ∗ ∗∗ H3,11 5 3/2 11/2 + 2420 400 E(3/2)5+ ,M(3/2)5+
N (2600) 11
2
− ∗ ∗ ∗ I1,11 6 1/2 11/2 − 2600 650 E(1/2)6− ,M(1/2)6−
N (2700) 13
2
+ ∗∗ K1,13 7 1/2 13/2 + 2700 ? E(1/2)7− ,M(1/2)7−
∆ (2750) 13
2
− ∗∗ I3,13 6 3/2 13/2 − 2750 ? E(3/2)6+ ,M(3/2)6+
∆ (2950) 15
2
+ ∗∗ K3,15 7 3/2 15/2 + 2950 ? E(3/2)7+ ,M(3/2)7+
Table 47. The N ground state as well as N and ∆ resonances lowest in mass, possible to be examined by pion photoproduc-
tion. Name as well as the partial wave notation (`pi)2I,2J are given for every resonance (values `pi = 0, 1, 2, . . . correspond to
S, P,D, . . .). The last column lists multipoles to which the corresponding resonance can give a contribution. All data, especially
Breit Wigner masses and widths are taken from PDG 2014. Resonances contained in the Bonn-Gatchina partial wave analysis
(according to reference [25]) are written in boldface letters.
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